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Abstract: We establish a universal consistent Kaluza-Klein truncation of M-tlieory 
based on seven-dimensional tri-Sasakian structure. The four- dimensional truncated 
theory is an TV = 4 gauged supergravity with three vector multiplets and a non- 
abelian gauge group, containing the compact factor SO (3). Consistency follows from 
the fact that our truncation takes exactly the same form as a left-invariant reduc- 
tion on a specific coset manifold, and we show that the same holds for the various 
universal consistent truncations recently put forward in the literature. We describe 
how the global symmetry group SL(2,]R) x S0(6, 3) is embedded in the symmetry 
group £7(7) of maximally supersymmetric reductions, and make the connection with 
the approach of Exceptional Generalized Geometry. Vacuum AdS4 solutions spon- 
taneously break the amount of supersymmetry from = 4 to = 3, 1 or 0, and 
the spectrum contains massive modes. We find a subtruncation to minimal A/" = 3 
gauged supergravity as well as an A/" = 1 subtruncation to the S0(3)-invariant sec- 
tor. We also show that a reduction on the homogeneous space iV°^° enhances the 
universal tri-Sasakian truncation with a Betti vector multiplet. 



Contents 



1 Introduction and discussion of the results 2 

2 Tri-Sasakian geometry 5 

3 The dimensional reduction 7 

3.1 Reduction of the geometric sector 8 

3.2 Reduction of the form sector 10 

3.3 The complete 4D action of the truncated theory 13 

4 Match with M = A gauged supergravity 15 

4.1 The general action for A/" = 4 gauged supergravity 15 

4.2 Identification of the coset manifold 17 

4.3 Identification of electric and magnetic vectors 21 

4.4 The gauging 21 

5 AdS solutions and their spectra 24 

5.1 AdS4 vacua 24 

5.2 Spectrum 26 

5.3 Embedding in the spectrum on 5^ 29 

6 Consistency proof for universal truncations from cosets 32 

6.1 Coset technology 32 

6.2 Equivalence between tri-Sasakian and Sp(2)/Sp(l) reduction 33 

6.3 Coset realizations of the other universal truncations 35 

6.4 An enhanced = 4 truncation on the coset N^^^ 36 

7 New subtruncations 38 

7.1 Truncation to minimal J\f = 3 gauged supergravity 39 

7.2 A/" = 1 truncation to the S0(3)ij-invariant sector 40 

A Conventions 41 

B Auxiliary calculations for the reduction of the form sector 41 

B.l Bianchi identities and equations of motions for the c-fields 41 

B.2 Duality relations 42 

B.3 Equations of motion in the final electric-magnetic frame 44 

C Details on the identification oi J\f = A fields through £7(7) 45 



- 1 - 



1 Introduction and discussion of the results 

Consistent truncations provide a powerful method to construct solutions of a com- 
plicated theory by uplifting solutions of a simpler, truncated theory. A truncation is 
consistent if every solution of the equations of motion of the truncated theory can be 
lifted to a solution of the equations of motion of the untruncated theory. This fails 
if the modes of the truncated theory source modes that are truncated out, so that 
it is inconsistent to put the latter to zero while keeping the former. Typically, the 
original theory is a higher- dimensional theory, like lOD and IID supergravity, which 
is then compactified on some internal manifold M down to a lower dimension. The 
truncation then selects at the non-linear level a finite subset of the infinite tower of 
Kaluza-Klein (KK) modes. 

A consistent truncation requires a delicate canceling of terms, such as in the 
prominent examples of maximally supersymmetric reduction on spheres preserving 
all massless KK modes: IID supergravity on S*^ [1] or 5*^ [2, 3], and IIB supergravity 
on [4, 5]. While for the former two cases consistency is established, for the last one 
only a partial proof has been given. Consistent truncations are therefore considered 
rare. However, in the case there is a global symmetry group G and one restricts to 
fields that are invariant under G, consistency is guaranteed. Indeed, non-linear terms 
built from G-singlet modes cannot act as sources for the truncated non-singlet modes. 
This is for instance the case for compactifications on a coset manifold M = G/H, 
where one restricts to fields that are invariant under the action of G (for recent 
examples see e.g. [6]). 

Recently, consistent truncations of a universal type, which hold for a whole 
class of compactification manifolds M, have been constructed. Building on a few 
previous examples, in [7] it was conjectured that for every supersymmetric warped 
AdS solution of lOD or IID supergravity on a Riemannian manifold, there is a 
consistent truncation on M containing just the supergravity multiplet. It became 
more interesting in [8], where a consistent truncation of IID supergravity on a generic 
7D Sasaki-Einstein space was established. This time the truncated theory is richer 
than just minimal Af = 2 supergravity, in that it contains extra multiplets of massive 
fields, including a breathing mode (overall volume of M), a squashing mode (relative 
volume of the local fiber and Kahler-Einstein base of the Sasaki-Einstein manifold) 
and more scalars from the form fields. This work was preceded by [9], and followed by 
[10-13], where new universal consistent truncations of type IIB supergravity based 
on 5D Sasaki-Einstein structures were constructed. In [14, 15] the special case of 
T^'^ was considered, which compared to the generic Sasaki-Einstein case allows for 
an extra J\f = 4 vector multiplet associated to the non-trivial cohomology of T^'^, 
which is therefore dubbed a Betti multiplet and which turns out to be crucial in 
the gauge-gravity applications based on conifold geometries. Although in the above 
papers just the bosonic sector of the reduction was studied, the arguments on which 
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supersymmetry and consistency of the reduction rely also hold for the fermionic 
sector. This has been exphcitly studied in [16-19]. 

Interest in these new consistent truncations was spurred by the fact that the 
truncated theories comprised both charged and massive fields, and could be used 
to embed solutions proposed to be dual to condensed matter systems into string or 
M-theory. For instance, holographic superconductors [20, 21] and solutions with non- 
relativistic scale invariance of the Schrodinger [22, 23] or Lifshitz [24] type were lifted 
using this approach, see e.g. [25-32], [8, 9], and [33-36] respectively, as well as [37] 
for further applications. Moreover, these universal truncations also admit AdS back- 
grounds, and hence dual conformal points. As they represent a consistent subsector 
of the higher- dimensional theory which is common to a whole family of compactifi- 
cation manifolds, from a dual perspective they describe a consistent subsector which 
is universal to a whole class of conformal field theories. 

In this paper we build on the line of research outlined above and establish a 
universal consistent truncation of IID supergravity based on tri-Sasakian structures 
in seven dimensions. We show that the 4D theory is A/" = 4 gauged supergravity 
with three vector multiplets. This contains as an A/" = 2 subtruncation the universal 
Sasaki-Einstein truncation of [8]. Since no A/" = 8 enhancement — which would 
have to contain massive modes and is thus not the massless A/" = 8 truncation of [1] 
— is known, this A/" = 4 theory seems to constitute the most supersymmetric setup 
in which that Af = 2 model can be embedded. We also identify a different Af = 2 
subtruncation, corresponding to the type IIA truncations on twistor manifolds of [6] 
(see also [38, 39]) in the limit of zero Romans mass. It would be interesting to see 
whether the A/" = 4 model can be deformed so as to contain Romans mass after the 
subtruncation or whether this is only possible in the M = 2 formalism, although this 
question is outside the scope of the paper. 

The possibility of a consistent truncation of IID supergravity on 7D tri-Sasakian 
manifolds preserving A/" = 4 supersymmetry was suggested in [11]. Tri-Sasakian 
geometry (see [40] for a review) admits three Killing spinors and therefore is well 
known to support AdS4 Freund-Rubin solutions of IID supergravity with A" = 3 
supersymmetry [41]. The reason why A^ = 4 supersymmetry, instead of just A/" = 3, 
is preserved at the off-shell level relies on the fact that tri-Sasakian structures fall 
in the class of SU(2)-structures. As such, they admit four globally-defined, SU(2)- 
invariant spinors: employing all of them, one can define an A^ = 4 truncation ansatz. 
The M = ?) background makes its appearance in our model as a spontaneously broken 
phase. We have therefore constructed an explicit, minimal model realizing the partial 
A/" = 4 — >■ A/" = 3 supersymmetry breaking phenomenon described in [42]. 

The A/" = 4 ansatz turns out to be consistent due to the particularly simple SU(2)- 
torsion of tri-Sasakian structures, which is SU(2)-invariant and constant. Concretely, 
we will prove consistency of the reduction by showing that it is equivalent in form 
to a left-invariant truncation on a homogeneous representative of the class of tri- 
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Sasakian manifolds, namely the coset space Sp(2)/Sp(l). We will also discuss how, 
in fact, all known universal consistent truncations with massive modes can be seen 
as left-invariant reductions on coset spaces. 

We demonstrate that the reduced theory matches the general A/" = 4 gauged 
supergravity formalism described in [43] (building on the ideas of [44]). The on-shell 
global symmetry group of 4D A/" = 4 supergravity coupled to n vector multiplets is 
G = SL(2, M) X S0(6, n). The off-shell Lagrangian of [43] contains both propagating 
fields, which have kinetic terms, and auxiliary fields. In particular, a specific choice 
of symplectic frame for the vectors — i.e. a choice of which are the propagating or 
electric vector potentials A^^~^ and which are the auxiliary magnetic potentials A^^~ 
— with good transformation properties under SO(6,?7,) is made. Furthermore, there 
are auxiliary two-forms, while all scalars are propagating. After some field transfor- 
mations, our reduced 4D theory takes exactly the form of the A/" = 4 Lagrangian of 
[43] with n = 3 vector multiplets. These manipulations, which represent a non-trivial 
technical point of our analysis, are required because the straightforward dimensional 
reduction of the action does not directly yield the electric-magnetic frame of [43]. 
In order to identify the fields in our truncation ansatz with the A/" = 4 supergravity 
ones, we study their transformation behavior under the global symmetry group G 
and the embedding of G into the global symmetry £7(7) corresponding to maximal 
supersymmetry. For this we make use of the formalism of Exceptional Generalized 
Geometry [45] (see also [46] for earlier work). Furthermore, in [43] the gauging is 
described by the embedding tensor, namely a set of G-tensors {^±m, f±MNp), with 
f±MNP = f±iMNP], specifying how the gauge group is embedded in the global symme- 
try group (see [47] for a review). We will determine the embedding tensor and show 
that the gauge algebra is given by a semi-direct product of the on-shell i?-symmetry 
so(3)i{ and a six- dimensional nilpotent algebra. 

We also show how one passes from the electric-magnetic frame of [43] to a purely 
electric frame, where no auxiliary vector nor two-form fields appear in the action. 
Because only physical degrees of freedom appear in the electric frame, it is particu- 
larly suitable for discussing questions like the spectrum of a given background and 
the gauge group of the model. 

We indeed present some prominent AdS4 solutions and the spectrum of 4D field 
fluctuations around them. For the supersymmetric (A/" = 3 and A/" = 1) ones, we 
discuss how the fields organize in supermultiplets. Moreover, the spectrum around 
the non-supersymmetric Pope- Warner solution [48] demonstrates its instability for 
all tri-Sasakian manifolds, extending the result of [49] beyond the S*^ case. 

Our truncation can also be used to study some aspects of the AdS4/CFT3 corre- 
spondence [50] with A^ = 3 supersymmetry [51-53], like holographic renormalization 
group flows between different conformal points. In particular, we present a simple 
Af = 1 subtruncation containing two AdS vacua (corresponding to a round and a 
squashed 7D geometry, respectively), which should be useful for this purpose. More- 
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over, the presence of the SO (3) factor in the gauge group makes the tri-Sasakian 
truncation an ideal setup for holographic applications to 3D condensed matter sys- 
tems with vector order parameter. In particular, it opens the possibility to embed 
the holographic p-wave superconductor of [54, 55], as well as the solutions of [56], 
into M-theory. Interesting in this respect is a subtruncation to minimal A/" = 3 
gauged supergravity, which we also present, whose bosonic sector coincides with the 
Einstein- Yang-Mills model of [54-56]. 

We will also discuss an extended consistent reduction, based on the homoge- 
neous seven-manifold N^^^. Compared to the reduction on a generic tri-Sasakian 
manifold, it has an extra non-universal vector multiplet associated to the non-trivial 
cohomology, i.e. a Betti multiplet. 

The paper is organized as follows. We start in section 2 by introducing basic 
notions about tri-Sasakian geometry. The dimensional reduction is worked out in 
section 3, and matched with M = 4 gauged supergravity in section 4. The AdS4 
solutions and their spectrum are presented in section 5. Section 6 discusses the coset 
realizations of our truncation as well as of the other known universal truncations. 
It also details the extension on A^°^°. Section 7 presents the new subtruncations we 
found. Many technical details are relegated to appendices. 

2 Tri-Sasakian geometry 

In this section we introduce the basic notions about tri-Sasakian manifolds that will 
be needed in the rest of the paper. In particular, we introduce the tri-Sasakian 
structure, which consists of a set of differential forms existing on every tri-Sasakian 
manifold, which we call universal forms. These are the ones used as the building 
blocks for our reduction ansatz. For a thorough review on tri-Sasakian geometry we 
refer to [40]. 

Let us start with the definition of a Sasakian manifold. A Riemannian manifold 
(M, g) of dimension 2r;, + 1 is Sasakian if its cone has reduced holonomy U{n + 1). 

If the holonomy of the cone further reduces to SU(n + 1) — or in other words if 
the cone is a Calabi-Yau manifold — one can show that the metric on M is Einstein, 
meaning that the Ricci tensor is proportional to the metric: Rmn = '^f^Qmn-^ M 
is then called a Sasaki-Einstein manifold. Just like Calabi-Yau manifolds play an 
important role as the internal manifold for supersymmetric compactifications of lOD 
supergravity on Minkowski space, Sasaki-Einstein manifolds serve as the internal 
manifold of supersymmetric Freund-Rubin compactifications of IID supergravity 
to AdS4 (for a review see [57]). Indeed, while a Calabi-Yau manifold supports 
covariantly constant spinors, Sasaki-Einstein manifolds carry Killing spinors, which 

"'^The overall scale is conventionally chosen such that the proportionality constant is the same 
as for the unit 5^"+^, the simplest example of a Sasaki-Einstein manifold. 
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satisfy VmV' = '^\lm''P-i and which play the role of supersymmetry generators. Since 
a Sasaki-Einstein manifold supports two such Killing spinors, the corresponding 
Freund-Rubin AdS4-solution has M = 2 supersymmetry in 4D. The Sasaki-Einstein 
manifold itself has structure group SU(n). 

An alternative and equivalent characterization of a Sasaki-Einstein manifold is 
that it carries a Sasaki- Einstein structure J,Vt). Here ^ is a unit Killing vector 
(of the metric g implied by J and Vt) and r] the dual one-form given by rjiY) = g{C,, Y). 
J is a real two-form and Q a complex decomposable n-form. They must satisfy: 

dri = 2J, (2.1a) 
dn = {n + l)i7]An, (2.1b) 

jAn = o, L^j = L^n = o. (2.1c) 

We are now ready to define a tri-Sasakian manifold. A tri-Sasakian manifold is a 
Riemannian manifold such that its cone is hyper-Kahler. Since all hyper-Kahler man- 
ifolds are Calabi-Yau, a tri-Sasakian manifold is also automatically Sasaki-Einstein 
(while the converse is not true). Tri-Sasakian manifolds only exist in dimensions 
4m + 3 with m > 1. For our purposes, the following alternative characterization is 
more directly useful since it introduces the building blocks we need for our reduction 
ansatz. A tri-Sasakian manifold has three unit orthogonal Killing vectors such 
that each of them makes the manifold into a Sasakian manifold, and which generate 
the so(3)-algebra: 

[O, ^k] = 2 e'jK^i , /, J, = 1, 2, 3 . (2.2) 

If we introduce the dual one-forms t]^ , i.e. L^jf]"^ = j, one can show that they 
satisfy 

dr]' = 2J' - e'jKv' A r^^ , (2.3) 

with L^jJ'^ = 0. The vectors ^/ define a three-dimensional foliation, called the tri- 
Sasakian foliation. It can be shown that the generic leaves are either SU(2) or S0(3), 
and that the space of leaves -Bqk is a quaternionic Kahler manifold (in the regular 
case) or orbifold (in the quasi-regular case) with the three almost complex structures 
being g~^J^. The unit tri-Sasakian metric is given by 

d.^s = d.^(SQK) + {v' f + {V'f + {V'f ■ (2.4) 
From eq. (2.3) it follows 

dJ^ = 2t^ jkJ-^ . (2.5) 
In 7D (m = 1), the case of interest for us, one can furthermore show that 

A J-^ = 2 (5^-^voIqk , (2.6) 
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where we introduced the standard volume voIqk of the 4D -Bqk- For the 7D volume 
form we choose the following standard orientation: 

A A T]^ A 1]'^ A 1]^ = voIqk At]^ Arf Arf" = volss (no sum over I). (2.7) 

The forms rj^ and will be the basic ingredients to construct our truncation ansatz 
in the next section. 

It is possible to show that a 7D tri-Sasakian manifold admits three Killing 
spinors, which means that one of the four covariantly constant spinors of its 8D 
hyper-Kahler cone gets lost in the reduction along the radial direction. In this paper 
we will argue that the 4D theory we obtain from reducing on a tri-Sasakian manifold 
has actually JV = 4 supersymmetry, which is spontaneously broken to A/" = 3 in the 
most supersymmetric AdS4 phase. 

By definition the vectors generating an so(3) algebra, are Killing vectors of 
the tri-Sasakian metric (2.4). This so(3) acts on the supersymmetry generators of 
the A/" = 3 AdS4 phase so we will call it so{3)r. But this is not the full space of 
Killing vectors of the 7D tri-Sasakian metric, which instead spans so(4) = so(3)ij x 
so(3)^. The second factor, so(3)5, acts on the four-dimensional part _Bqk and is 
the remaining part of the so (4) that leaves the metric on -Bqk invariant. In fact, it 
leaves all the invariant. Because it leaves not only the metric, but the complete 
tri-Sasakian structure invariant, the SU(2)5 associated to this so (3) 5 is identified 
with the structure group of the tri-Sasakian manifold. Hence the label S. 

Interestingly, on a tri-Sasakian manifold there is an 5*^ worth of Sasaki-Einstein 
structures, which we will later on use to define Sasaki-Einstein subtruncations of 
the type of [8]. Indeed, for every unit linear combination of the ^ = a^C,i with 
a^a-^Sij = 1, there is a corresponding Sasaki-Einstein structure (^, rj, J, Q), given by 

V = ajri\ 

J = aj{j' -le'jKv' ^V""), (2.8) 

with aj = Sjja"^ . To properly define Q above, we had to choose a whole orthogonal 
frame (^, ^' = oi'^^i-, ^" = ^ x ^' = ot"^^i)- However, changing the choice of vector 
^' orthogonal to ^ merely leads to a change of phase of which is usually not 
considered as leading to a different Sasaki-Einstein structure. It corresponds to 
the remaining U(l) gauge symmetry of the Sasaki-Einstein reduction. With these 
definitions the positive orientation, eq. (2.7), is in terms of the Sasakian structure 
given by 1 J A J A J A ?7 < 0. 

3 The dimensional reduction 

In this section we describe the reduction of IID supergravity on a generic 7D tri- 
Sasakian manifold. We introduce our reduction ansatz, which we will show to be 



-7- 



consistent in section 6.2. After considering the different sectors tlie final result for 
the 4D action is presented in section 3.3. In section 4 we show that it is exactly 
equivalent to the action of A/" = 4 gauged supergravity as described in [43]. 

The bosonic sector of IID supergravity consists of the metric and a three- form 
potential C3, with field-strength G4 = dCa. The action is given by 



S 



R 



^(G'4)']*iil ~lc,AG,AG,], (3.1) 



which is invariant under gauge transformations of the form 6C3 = dA2. 

3.1 Reduction of the geometric sector 

Our reduction ansatz for the metric reads 

dsl, = e^'^dsl + e'^'ds^BQK) + 9ij{v + ^i)'(^ + A,)' . (3.2) 

It contains seven 4D scalar fields U (x), gij{x) and three 4D vector fields A{{x), where 
x^ are the 4D coordinates. Here U controls the size of the space of leaves -Bqk, while 
gij is the metric on the leaves. Sometimes it will be convenient to separate the 
eigenvalues from the other degrees of freedom in gij{x) as follows 

g = Q'Q , Q = VO, V = diag {e^\ e^^) , (3.3) 

where both 0{x) G S0(3) and V{x) contain three 4D scalar fields. The warp factor 
^{x) in (3.2) is merely a 4D Weyl rescaling factor, fixed to 

^ = -^(4^7 + 1^1 + ^2 + 1^3) , (3.4) 

in order to ensure that the 4D action is in the Einstein frame. 

A long calculation yields the following expression for the IID Ricci scalar 

R = e-2'^i?(4) + i?(7) - \e-^''gijF^ ■ - A {dUf 

- \e-'^Dgjj ■ DgKL g^'g''^ - 2 e-'^V^d,ip - 2 e-'^d^)' , (3.5) 

where the • and ( )^ (contracting here 4D indices) are defined in (A. 2), and i?(4) is the 
Ricci scalar associated to the 4D metric (7(4) in ds4. The SO(3)-covariant derivative 
D of the metric on the leaves is 

Dgij = dgij + 4 e^L(iA^ gj)K 
^ DVj = dVi , DO' J = dO'j + 2 O^e'^LjAi , 

which implies in particular that the eigenvalues are not charged, while the vector 
field-strength is 

F/= dAi-e'jKAiAAf, (3.7) 
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and the 7D Ricci scalar, to be precise the Ricci scalar one would obtain if all the 
scalar fields were constant, reads 



+ 4 + + 6-2^==) - 4e-^^(e2^^ + e^^^ + e^^^) . (3.8) 

We observe that the vectors which are Killing vectors of the Sasaki-Einstein 
metric (2.4), are not Killing vectors of the ansatz (3.2). As is standard in Kaluza- 
Klein reductions, they rather generate gauge transformations in 4D. Indeed, the 
infinitesimal diffeomorphism generated by the x-dependent vector A = \^{x)^i mod- 
ifies the IID metric as 

5xg{ii) = Cxg^ii) = 2gij [Cxiv + ^i)'] iv + 

= 2(7,j[-2eVAV + dA^] iv + A,)' . (3.9) 

This can be interpreted as the following transformations of the 4D fields A{ and gjj: 

..^;^dA' 2.V^fA-, ^^^^^ 

5xgij = 4:gL(ie j)kX ■ 



So we conclude that the so(3)ij generated by the ^/ acts as rotations on the metric 
gij on the leaves, and that it is gauged by the A{. 

It is straightforward to check that the derivative in eq. (3.6) and the field-strength 
in eq. (3.7) have the proper covariant structure under these S0(3)i(; gauge transfor- 
mations. Also note that the three degrees of freedom in 0{x) could in principle be 
gauged away, while on the other hand the eigenvalues in V{x) do not transform. It 
follows that the 4D lagrangian (3.5) obtained from the reduction of the IID Ricci 
scalar is gauge invariant, which is of course a consequence of IID diffeomorphism 
invariance. The same will be true for the expressions that we are going to obtain by 
reducing the IID form sector. 

The reduction of the Einstein-Hilbert term in the IID supergravity action, 
eq. (3.1), is now straightforward. Plugging in the expression for the Ricci scalar 
(3.5) we find 

1 r 

'S'geom = 7^ 2 / ("^4 2V^eom)*l + *S'gcom,kin j (^-H) 

where the 4D Planck mass is given by nl = (VoIm.ss)"^'^!!- So we see that the 
dependence on the internal manifold factorizes, yielding upon integration just a factor 
of the volume of the manifold measured with the unit tri-Sasakian metric (2.4), which 
contributes to the 4D Planck mass. The geometric part of the potential is given by 
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and the kinetic terms for the scalars and vectors are 

5'geom,kin = 7^ f \ - 12(d[/)^ - AdU ■ d{V, + ^2 + ^3)"^ (d(V^l + + ^3))' 

- \Dgjj . DsKLg'^'g'' - I . ,i . (3.13) 

3.2 Reduction of the form sector 

We can now proceed to reduce the remaining part of the IID supergravity action, 
involving the form potential C3. Our truncation ansatz is given by the most general 
expansion in the universal forms {rj^ , J^) of the tri-Sasakian structure, 

C3 = C3 + C21 + + cu^J^ + \ ci A eijK{r] + A^Y ^ [r] + A^)^ 

1 ^ (3.14) 

+ cuhl + ^1)^ ^J'^ +aX eijxiv + AiY Aiv + AiY A (v + Aif . 

o 

It contains ten 4D scalar fields {cij{x),x{x)), six vector fields {cii{x),c({x)), three 
two-form fields C2i{x) and a single three-form field c^ix). Just like in the ansatz for 
the metric, we used the linear combinations {t] + Ai) to ensure that the 4D fields 
transform under S0(3)j? as expected from their index structure. Here and in the 
following, if we raise and lower the /, J, . . . indices we use the Kronecker-delta 6ij. 
If instead the metric gu should be used it will be always explicitly displayed. 

We can then calculate the field-strengths = dC^. In principle, we could 
add an internal closed but non-exact part G^^^, but this is zero for a generic tri- 
Sasakian manifold, since no closed, non-exact four-forms can be constructed using 
only universal forms. Using eqs. (2.3) and (2.5) we find 

G^=H^ + H^i A{7] + AiY + \h2^ eijKir] + A^Y A [r] + A,f 



(3.15) 



K 



+ H21 Af + Huj A (r/ + AiY A J"^ + 4 (tr c) voIqk 
+ ^ dx A eijK{r] + AiY A [r] + A^Y A (r/ + Ai)^ 
+ [{x + tr c) 5lk - 2 c^LK)] e^uiv + AiY A (r/ + AiY A J 
with tr c = c/ and 

= dc3 + C21 A , 
H31 = Dc2i - e^jiCiK A F/ , 

H21 = Dcii-2c2i + xF2i, (3.16) 



H21 = Dcu + 2 C2/ + cjiF/ 



2 ' 

K 



Hiij = Dcij + 2 {ciK + ciK)e u , 
where the action of the SO(3)jt-covariant derivative D on the form fields is given by 

n 

DCnI,...I„ = dCnI,...I„ + 2 ^^JlA( A CnI,...K...I„ ■ (3.17) 

1=1 
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The S0(3)r gauge symmetry is not the only one acting on the c-fields: indeed the 
gauge shifts of C3 also induce some transformations on them. As a consequence, the 
SO(3)ii;-covariant derivative D will need to be extended into a covariant derivative 
of the full gauge group. We postpone the discussion of the full gauge symmetry of 
the 4D model to section 4.4. 

Having defined our truncation ansatz, we can start the reduction of the form 
sector. The most straightforward approach is to follow the same strategy as for the 
geometric sector, namely plugging the reduction ansatz for the forms into the higher- 
dimensional action. Again the dependence on the internal manifold factorizes out 
and we end up with a 4D action. 

However, this is not the most convenient approach for making explicit that the 
4D theory is an = 4 gauged supergravity. We want to prove this by showing that 
the action can be put in the general form presented in [43]. The problem is that 
the straightforwardly reduced action cannot be directly compared to [43], basically 
because it turns out not to be in the same electric-magnetic frame. 

This is most apparent from the observation that the straightforwardly reduced 
action would contain propagating 4D two-forms, i.e. two-forms with kinetic terms, 
namely the C21 in (3.14), while in [43] the only propagating matter fields are scalars 
and vectors, with the two-forms being just auxiliary fields.^ Of course, one can try 
to dualize these two-forms into scalar fields at the level of the action. However, while 
this would be easy in an ungauged theory, in the present gauged setup it is more 
complicated since the two-forms are massive, meaning that they are Stiickelberg- 
coupled to some combinations of the vector fields. This implies that in order to 
perform the dualization of the two-forms one has to dualize the Stiickelberg vectors 
as well. The dual vectors turn out to be massive, with the scalars dual to the two- 
forms playing now the role of Stiickelberg fields [58] (see also [59] for an example in the 
A/" = 4 context). Now the issue is that, once these dualizations are done, one ends up 
with an A^ = 4 supergravity model in a purely electric frame which, though perfectly 
consistent and interesting in its own right, hides some of the off-shell symmetries of 
the theory. Because of this, a comparison with [43] is not direct.'^ In particular, the 
formulation of [43] includes the two-forms as non-propagating, auxiliary fields, so in 
order to make contact with it we should not completely dualize them away. 

In order to introduce the proper dual fields and to move to the electric-magnetic 
frame that allows a direct comparison with [43], we found that working at the level 
of the equations of motion is more convenient than first reducing the action and then 
looking for the appropriate field transformations. So in the procedure that we are 
going to present we manipulate the equations of motion to formulate them in the 

brief review of A/" = 4 gauged supergravity as described in [43] is given in section 4.1 below. 
•^One would fall in the situation described in section 2.4.2 of [43]; see section 4.4 below for more 
details. 
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electric- magnetic frame of [43], and then construct the 4D action that reproduces 
them, directly in the proper frame. A bonus of this approach is the proof of consis- 
tency of the reduction in the form sector (the full consistency will be proved later, 
using a different approach). Moreover, the IID origin of the dual fields emerges in a 
neat way. 

We start by straightforwardly reducing the Bianchi identity and the equation of 
motion of the IID form field, which read respectively 

dG4 = 0, (3.18a) 
d *ii ^4 + A G4 = . (3.18b) 

Plugging in eq. (3.15), we find that the dependence on the internal coordinates drops 
out, which as announced proves consistency of the reduction in the form sector. In 
this way we obtain the 4D Bianchi identities and second-order equations of motion 
for the original c-fields, which are spelled out in appendix B.l. It is easy to check that 
the 4D equations of motion are the ones following from the action that is obtained 
by direct dimensional reduction of the IID supergravity action. 

As we just discussed above this action does not match with the N' = 4 formal- 
ism of [43]. Let us therefore introduce the dual fields. The IID Bianchi identity 
and equation of motion (3.18) allow for defining a pair {C3,Cq) of "electric" and 
"magnetic" potentials 

G4 = dCg, (3.19a) 
*ii ^4 + ^Cs A G4 = dCe . (3.19b) 

In M-theory, C3 couples electrically to the M2-branes and magnetically to the M5- 
branes, while the converse holds for C^. Having both C3 and Cq is redundant, but 
this is exactly what we need in order to match the action of [43], which, as mentioned, 
also includes redundant, non-propagating fields. 

The original c-fields sit in the expansion of the potential C3, eq. (3.14), while the 
dual a- fields reside in the analogous expansion of Cq: 

^^=\ (^^^iJk{v + A (r/ + A)^ A voIqk + ai/ A {v + A voIqk 

+ au A A (r/ + A)^ A (r/ + A)^ A {r] + Af (3.20) 

+ ^a^j eiKLiv + Af A{r] + Af A + X2 A voIqk + • • • , 

where we stopped at terms with two-form 4D part (since the higher forms will not 
appear in the duality relations we are interested in). By combining eqs. (3.19a) 
and (3.19b) and plugging in the expansions of both the C3 and Cq potentials, we 
obtain the duality relations between the a-fields and the c-fields, which are first-order 
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Type 


# 


C3 




scalar / two- form 


9 


ClJ 




scalar / two- form 


1 




X2 


two- form/scalar 


3 


C21 




vector /vector 


3 


__ Cm 


an 


vector / vector 


3 


cl 


an 


3- form / constant 


1 


C3 


k 



Table 1. The c- fields coming from C3, and tlieir dual a-fields coming from Cq. The number 
of fields is denoted in the second column. The color denotes the choice of propagating fields 
in order to make contact with the formalism of [43] . The two-form dual to x will not appear 
in our model since we do not have any gauging in the SL(2,R) sector. 



equations giving a relation between the respective (covariant) derivatives. These are 
worked out in detail in appendix B.2. 

We can now use the duality relations to choose which degrees of freedom in each 
(c-field, a-field) pair should be kept as propagating and which are auxiliary. It turns 
out that the proper choice is the one indicated in table 1. In a choice between a 
scalar field and a two-form we saw already that the scalar should be the physical 
field in the formalism of [43]. The choice of symplectic frame for the vectors is less 
obvious, the deeper reason for it coming from the transformation properties under 
the global symmetry group as we will explain in section 4.3 and appendix C. For now 
let us state that this is the choice that reproduces the correct kinetic and topological 
terms for the vectors that reproduces the Lagrangian of [43]. 

As discussed in detail in appendix B.3, for the a-fields that are chosen as funda- 
mental, the former equation of motion for the corresponding c-field becomes trivial 
when expressed in terms of the a-field, and plays the role of the Bianchi identity, 
while the former Bianchi identity is the new equation of motion. After this proce- 
dure it is possible that the original c-field is not completely duaUzed away, since it 
might appear without derivative, e.g. in covariant derivatives acting on other fields, 
in which case it cannot be replaced by the duality relation. However, since it does 
not appear anymore with derivatives acting on it, it is a purely auxiliary field. At 
the end of this procedure we obtain the new equations of motion given in appendix 
B.3, and we can finally construct the action reproducing them, which is presented in 
the next subsection. 

3.3 The complete 4D action of the truncated theory 

The total action, both geometric and form sector, is then given by 

S = 7^ / (-R4 — 2 -|- S'kin,scal + 'S'kin.vec + "S'top • (3.21) 

^/^4 J 
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The scalar potential is 



- 24 6-6^^-^-1-^2-^3 ^ 2e-8^-^i-^2-^«(e2^^ + e^^^ + e^^^) + 4 e-i2C/-Vi-V2-y3 (^rc)' 

+ 2 e-8^-3(v-i+V2+y3) [(^ + c)(5^^ - 2 c^^^)] [(x + tr c)5^^ - 2 c^^^)] 

_^ g_i2c/-3(yi+y2+y3) [2 c^'c^jj^ - (tr c)^ - 2 x (tr c) + 3 A;] ' . (3.22) 

Note that there is no dependence on the scalars nor on the antisymmetric com- 
binations C[7j]. However, these should not be really regarded as moduli, since they 
have Stiickelberg couplings with some of the vectors and can therefore be gauged 
away in order to give them mass. The scalar kinetic terms are 

Wai = A / *1 f - 12(df/)2 - 4df/ ■ d{V^ + V2 + V3)-l (d(Vi + V2 + V,)Y 

ZK^ J 1 Z 

(3.23) 

while the vector kinetic terms read 

c _ /„yi+y2+y3r -'- ^4c/^ p/ pj ^utt tt 

ZK^ J I z 

'l e-'^^?" {Va^J - 2 cjk Vc^ - cilCk'^F^ - eiKLa^^F^) ■ [Va.j - . . . ) 



*1. 
(3.24) 



And finally the topological term is given by 

^top = - A / [X {T^ciii A F^ + Vcu A Vc{) + 2 P£{ A V~au] . (3.25) 

The curly covariant derivatives V in the above expressions are defined in (B.13). 
In section 4.4 we will show that these are the proper covariant derivatives of the 
full gauge group. We see that C21 and c/ have not been completely dualized away: 
they appear both in the covariant derivatives and in the topological term. However 
they do not have kinetic terms anymore and are therefore non-propagating degrees 
of freedom. The same is true for the magnetic vectors an and the two-forms Og''. 

The topological term cannot be completely reconstructed from the second-order 
equations of motion of appendix B.l: its completion depends on the non-propagating 
fields {ai, 02, Ci, c^} and has been deduced by imposing that their equations of motion 
give the corresponding duality relations. In this way the set of degrees of freedom is 
constrained to the physical ones. This is also in agreement with the prescription of 
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gauged A/" = 4 supergravity. Specifically, varying the action with respect to the two- 
forms 02 and C2 gives the duality relations in (B.12) between the magnetic vectors 
ci, 0,1 and the electric ones oi, ci. The oi variation yields the duahty between C2 and 
o, while the Ci variation gives a projected duality relation between 02 and the scalars. 

We are now in the position of identifying our fields with the fields of A/" = 4 
supergravity, which is the topic of the next section. 

4 Match with J\f = ^ gauged supergravity 

In this section we show that our 4D theory is an A/" = 4 gauged supergravity by 
putting the action of section 3.3 in the standard form of [43]. We first review this 
standard form in the next subsection before coming to the identification of the scalar 
and vectors fields in the following subsections. To conclude the section we establish 
the embedding of the gauge group into the global symmetry group. 

4.1 The general action for M = A gauged supergravity 

In this subsection we briefiy review the action for A/" = 4 gauged supergravity coupled 
to n vector multiplets as described in [43], which makes use of the embedding tensor 
formalism (see [47] for a review). In our case it will turn out that n = 3. 

The A/" = 4 supergravity multiplet contains as bosonic degrees of freedom a 
metric, six vectors and two real scalars, while each vector multiplet contains one 
vector and six real scalars. 

The scalar fields parameterize the coset space 

SL(2,R) ^ S0(6,n) 
S0(2) S0(6) X SO(n) ' ^ ' ^ 

The first factor can be described by a complex scalar r, with Imr > 0. To describe 
the second factor we need a coset representative L, which is acted upon by global 
group elements g G SO(6,?2) from the left and local elements h G S0(6) x SO(n) 
from the right, L — )■ gLh, with the equivalence relation given by L ~ Lh , V/i. 
Alternatively the coset can be described by the symmetric positive-definite scalar 
matrix M, defined in terms of L as 

M = LL^ , (4.2) 

so that using hh^ = 1 the equivalence relation is factorized out. It satisfies = 
TjMrj where rj is the S0(6, n)-metric, having six negative and n positive eigenvalues. 
To raise and lower the S0(6,n)-indices, denoted M,N, . . . , we will use the metric r], 
while if the metric M is required it will be explicitly displayed. 

For the vector fields one can choose a special symplectic frame such that the 
subgroup S0(1, 1) X S0(6,n) of the global symmetry group SL(2,]R) x S0(6,n) is 
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realized off-shell. The electric and magnetic vectors 



= M=l,...,6 + n, « = +,-, (4.3) 

transform both in the fundamental of S0(6, n) and with charge +1 respectively 
— 1 under SO (1,1). For the electric vectors A'^'^ there are kinetic terms in the 
action, while the magnetic vectors v4.^~ appear in the covariant derivatives as gauge 
fields but do not propagate. Furthermore there are auxiliary two- forms B^^'^ , which 
transform in the adjoint of the global symmetry group and are introduced to ensure 
gauge covariance of the vector field-strengths and closure of the gauge algebra. 

The gauging is completely determined by the embedding tensor {iaM, faMNp), 
which specifies how the gauge group is embedded in the global symmetry group. 
Here describes the gauging in the SL(2, ]R)-sector, which will be zero in our case 
so we will not consider it anymore. The covariant derivatives on the scalars are then 
given by 

VMmn = dMMN + 2 A'^'^v'^'^fc^QP^MM^^R , (4.4) 
while the field-strengths for the electric and magnetic vectors are 

^ ^^M± _ i_^MQ ( J^^^^^iVa ^ ^P± ^ f^^^^B^P) . (4.5) 

The bosonic part of the — A action is then given by 

[{R-2V)*1 + S^^ + Stop , (4.6) 
where the kinetic terms for the scalars and the vectors are given by 



'kin 



\vMmn ■ VM^"" - ,„ dT • dr* 

8 2(ImT)^ 



*1 

- Imr MmnV-^^ a + Rer tjmnH'^^ A 

The scalar potential is 



(4.7) 



- lfaMNpf,QRS e'^^M^^^^^'} , (4.8) 



with 



1 / 1 — RerA 

'^"'^ ~ imr i — Rer jrp / ' ^mnpqrs — ^ahcdefLu"' ■ ■ ■ Lg^ , a = l,...,6, 

(4.9) 
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where e"*"" = 1 and eabcdef are respectively the epsilon-tensors in the SL(2,]R)-space 
and the S0(6)-space (i.e. the projection on the negative eigenvalues of the S0(6,n) 
metric r}). Finally there is a topological term, given by 

-Stop = ^ / f-MNpA'''-^A^^^dA''-+\LMNRfpPQsr|'''A''-^A''^^A''^^A^- 

-\UMNRf-PQsrl'''B''''^B^^-f.MNpB''^^[dA''- - \rl'''LsQRA^-^A''-^ . 

(4.10) 

Note that both the magnetic vectors and the two-forms drop out from the action 
in the ungauged limit faMNP — 0. 

The equations of motion from the variation of the vectors, both electric and 
magnetic, and the auxiliary two-forms become: 

SA+ : Vmn * Vg^- + ^f+MP^'M^gVAl'^'' = , 
SA- : VMN * - ^/^mp^'MnqVM'^'' = , 

SB : H^- 

where we defined 

gM+^y^M+^ (4.12a) 

g^- = Imr M^^'rjNP * U^^ - Rer . (4.12b) 

With these definitions the equations for the electric and magnetic vectors look com- 
pletely similar. However, working them out only the first equation is a real equation 
of motion with second-order derivatives, while the second equation turns into a first- 
order duality relation between scalars and two-forms. So we see that only the electric 
vectors are propagating, while the magnetic vectors are auxiliary. Similarly, the third 
equation coming from the auxiliary two-forms becomes the duality relation between 
electric and magnetic vectors. 

We remark that it is always possible to perform an appropriate symplectic trans- 
formation, rotating electric and magnetic vectors into each other, and obtain a purely 
electric frame where only propagating fields appear in the action. However the new 
electric vectors would not transform nicely under S0(1, 1) x S0(6, n) as in the chosen 
symplectic frame above. 

4.2 Identification of the coset manifold 

In order to put the truncated theory into the standard J\f — A supergravity form, 
let us for the moment turn off the gauging and start by the identification of the 



(4.11a) 

(4.11b) 
(4.11c) 
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coset manifold of the scalar fields.'^ This coset manifold must be chosen such that 
the kinetic terms for the scalars correspond to the standard coset kinetic terms in 
(4.7) (in the present ungauged case to be read with ordinary derivatives instead of 
covariant derivatives). After having dualized the two- forms C21 into scalars a^, we 
end up with 20 scalar fields: 7 in the metric sector, {U,gjj), and 13 in the form 
sector, {cjj, x) coming from C3 and coming from Cg. This is the right amount of 
fields to describe the coset manifold (4.1) with n = 3. 

In order to proceed we make the connection with the analysis of [45] on Ex- 
ceptional Generalized Geometry. Reducing M-theory to 4D on a torus leads to 
an ungauged supergravity with A/" = 8 and £7(7) global symmetry (for a review see 
e.g. [47]). The maximal compact subgroup is then SU(8)/Z2. In [45] the notion of an 
exceptional generalized metric on the internal manifold is introduced, which contains 
the part of the ordinary metric, the three-form C3 and the dual six- form Cq with 
only internal indices, or in other words the part corresponding to 4D scalar fields. 
Ref. [45] explains how in the case of maximal symmetry the exceptional generalized 
metric is described by the coset 

^'^'^ (4.13) 



SU(8)/Z2 

The group £7(7) should be thought of as acting on a standard exceptional generalized 
metric — by definition the one corresponding to the unit element of £7(7) , which we 
take to be the one with all scalar fields being zero — and generating all possible 
exceptional generalized metrics. Acting with an element of SU(8)/Z2 leaves the 
standard metric invariant and therefore does nothing. 

So we know how the identification between the 4D scalar fields and the coset 
manifold works in the maximally symmetric case. In our case, however, we do not 
have a torus, but a less symmetric tri-Sasakian manifold, so that £7(7) will partially 
break to a smaller bosonic symmetry group. We will argue now that this is the 
symmetry group (4.1) of A/" = 4 supergravity coupled to n = 3 vector multiplets: 

E7(7) ^ SL(2, M) X S0(6, 3) . (4.14) 

Just like in [45] it will be convenient to look at subgroups of £7(7) , which can be 
more easily understood. £7(7) contains a subgroup SL(8,R), which in turn contains 
the GL(7,M) describing diffeomorphisms of the 7D internal manifold. Our reduc- 
tion ansatz based on the tri-Sasakian structure, eqs. (3.2), (3.14) and (3.20), breaks 



"^Thc ungauged limit is obtained by switching off the flux k and taking the forms 77^ and to 
be closed. Such closed forms with the right properties appear on the 7D manifold K3 x (they 
are the invariant forms of its SU(2) structure), so that we can obtain ungauged M — -i supergravity 
with three vector multiplets from a truncation of fluxless IID supergravity on K3 x T^. While 
we cannot claim that the reduction on K3 x keeping all the massless moduli is consistent, the 
consistency of the subsector containing our three vector multiplets is guaranteed by the fact that 
the set {rj^ , J^} is closed under the action of wedge product, Hodge star and exterior derivative, 
which are the operations needed in order to consistently reduce the IID equations of motion to 4D. 
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GL(7, M) to S0(4) xGL(3, R) x Rq, corresponding respectively to rotations in the 4D 
part that leave the metric ds^(-BQK) invariant, diffeomorphisms in the 77'^-directions, 
and scaling of the SqK-part. In fact, an SU(2) factor within S0(4), which we called 
SU(2)5 before, leaves all invariant, and will cancel in numerator and denominator 
of the coset, so we keep only the remaining S0(3). We find then that SL(8,M) must 
break as: 

SL(8, R) -> S0(3) X SL(4, M) x Mq • (4.15) 

Noting that SL(4,M)/Z2 ~ SO(3,3), we see that together with the S0(3) we have 
already constructed the diagonal blocks of the S0(6, 3)-factor of the A/" = 4 symmetry 
group. The Mq piece on the other hand is part of SL(2, R). 

To find out where the other pieces of S0(6, 3)xSL(2,M) come from let us look 
at the decomposition of the 13 3- dimensional adjoint representation of £7(7) in repre- 
sentations of SL(8,]R): 

133 ^ 63 + 70 , 

(4.16) 

/i — )■ {fi^b, fJ'abcd) , 

where 63 indicates the adjoint representation of SL(8,M) and 70 the representation 
of a four- form. The a,b = 1, . . . , 8 are indices of the fundamental representation of 
SL(8,M). Under (4.15), the latter representation will break as 

70^ (3, 6)0 ©(1,1)+ ©(1,1)- (4.17) 

where the subscripts denote the weight under the action of Mq. One can show that 
the (3,6)-part provides the off-diagonal part of S0(6, 3), while the (1, 1)+ © (1, 1)_ 
completes the SL(2,M). 

Now let us see where our scalar fields live within this coset. First any metric 
can be obtained by the action of GL(7,]R) on a standard metric, so the scalar fields 
describing the metric, namely U and gu, sit in this sector, and following the breaking 
pattern of GL(7,M) it will turn out they can be found in the GL(3,M)xMo part, and 
finally in SL(2,M) and the diagonal blocks of SO(3,3). Second, in [45] it is explained 
how a C3- and Ce-field can be generated by the (exponential of the) action of fimnps 
and /i™8 (defined in eq. (4.16)) respectively (see eq. (B.22) therein): 

1 

l-^mnp8 2^3r?i?ip ; (4.18a) 

m _ ^ mmi...m(i I'A 1 SVi^l 

8 — ~gj^ <-'6mi...m6 • (^4.i8Dj 

Here m,n = 1, . . . , 7 are space indices acted upon by GL(7,]R), and 8 is the extra 
SL(8,M)-index. It follows that the scalar fields c/j and x sit in the four-form repre- 
sentation 70, and in the SL(8,M). Following their tracks through the symmetry 
breaking, it will turn out that c/j can be found in the (3,6)o of eq. (4.17), x iii 
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(1, 1)_ and the in one of the off-diagonal blocks of the SO(3,3). The details of 
this procedure are quite technical so we relegate them to appendix C. 

As a result of the analysis in the appendix, we find that the complex scalar r 
parameterizing the SL(2,]R)/SO(2) factor of the scalar manifold is given by 

r = X + i e^'+^''+^' . (4.19) 

This leads to the kinetic terms 

- ^i^dr ■ dr* = -l(d(Fi + V, + V,)f - le-^v^-^^^-^v^ [^xf , (4.20) 

which agree with the terms (3.23) obtained from the dimensional reduction. 

Turning to the SO(6,3)-part, let us choose for the SO(6,3) metric rj the explicit 
representation 

/-I3 \ 
r]=\ I3 , (4.21) 
\ I3 / 

where every entry represents a 3x3- matrix. We find then that the SO(6,3)-part of 
the exceptional generalized metric corresponding to our reduction ansatz is obtained 
by acting on the standard metric with the coset representative 

L = CQ, (4.22) 

where Q and C contain the scalar fields in the metric and the form sector respectively. 
Explicitly, they are given by 

























^0 








, with Q defined in eq. (3.3) , 

(4.23) 

C = exp I I , with c/j = c/j and a/j = —ejjKa^ ■ 




We remark that the expansion of the matrix exponential of C already breaks off at 
the quadratic order since the generators are nilpotent in the C-sector. Furthermore 
Q could be any matrix that satisfies Q^Q = g ■ If we choose Q to be upper or 
lower triangular we end up with the conventional triangular gauge for the coset 
representative, where it is given as a product of exponentials of nilpotent and Cartan 
generators. However, we chose Q as in (3.3) because it allows to makes the S0(3)ij 
gauge symmetry more manifest. 

With the above expressions the matrix M is then given by 



M = LL^ = CgC , with g = QQ' 



13 














") 


(4.24) 








e'^'gj 





It is a long-winded, but straightforward calculation to show that with this defi- 
nition of M the kinetic terms for the scalars in eq. (4.7) at the ungauged level agree 
perfectly with eq. (3.23). 

4.3 Identification of electric and magnetic vectors 

After identifying the coset manifold for the scalars and constructing the scalar r and 
the matrix M, we can deduce the identification of the electric vectors from comparing 
the general A/" = 4 vector kinetic terms (4.7) to the kinetic terms in (3.24) and the 
instanton terms proportional to x (3.25). We find that they match provided we 
take 

A'^ = c[ , = --i= a{ , ^(^+^)-^ = A{ . (4.25) 

Furthermore, from the duality relations between electric and magnetic vectors, eq. 
(4.11c) together with (4.12b), we find the following identification of the magnetic 
vector fields 

A'- = -~ai , ^('^+^)- = A{ , ^(6+^)- = i=£/ . (4.26) 

It turns out that the magnetic duals A\ of the vectors in the metric sector never 
appear in our reduction. It would be interesting to work out a dimensional reduction 
in which also these fields, which would come from a dual internal metric coupling 
electrically to the KK monopole and possibly arise from reducing the ha^,,,aj' tensor 
of [60], participate in the gauging. 

The matching of the kinetic terms and the instanton terms of the electric vectors 
would not have worked if we had not first duahzed the c/, i.e. if we had not treated 
them as magnetic vectors. There is an independent way of seeing that (in the frame of 
[43]) these are magnetic, namely studying again the embedding of SL(2,]R) xSO(6,3) 
in E7(7). We have already remarked that ref. [43] uses a special symplectic frame 
where the electric and magnetic vectors {A^^^ , A^'^^) transform both in the funda- 
mental of S0(6, 3) — and in particular do not mix — and with charge +1 respectively 
— 1 under S0(1, 1) C SL(2,M). In appendix C we work out these charges for the vec- 
tors in our truncation, determining which ones are electric and which are magnetic. 
In particular, we find that the c/ transform with a minus sign and should therefore 
be magnetic. 

4.4 The gauging 

If we compare the covariant derivatives of the scalars (4.4) and the covariant field- 
strengths (4.5) with the results from the reduction, eqs. (3.23) and (3.24), we find 
exact agreement by choosing the following gaugings: 

/+(/+3)(J+6)(A'+6) = — /+/,/(A'+6) = 2A/2e/ji(-, 

/+(/+6)(j+6)(A'+6) = QV2kejjK, (4.27) 

f-I{J+6)(K+6) = —^^IJKi 
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and the following identification of the auxiliary two-forms 



1 / 1 \ (4.28) 

In particular, we find for the covariant electric field-strengths of A/" = 4 supergravity 

= Vcu = Dcu + 2 C2/ , 
-V2n^'^+^^+ = Van = Dau + ejjK ( - 2 A cf - 2 A cf + 3fcA^ A + 4 a^^) , 
^^(6+/)+ _ jT^/ = ^ (4 29) 

while the six relevant magnetic field-strengths are 

- n^- = V~au = Dhii + eijK {&( A cf + A cf + 2 a^^) , 

^^(6+/)- _ pg^^ _ ^g^^ - 2 C27 . (4.30) 

In the above the curly derivatives V are the covariant derivatives associated to full 
gauge group, defined in eq. (B.13). With these covariant field-strengths the duality 
relations, eqs. (4.11c) and (4.12b), agree perfectly with the duality relations coming 
from the reduction, eqs. (B.12c) and (B.12d). The duality relation between two- 
forms and scalars, eq. (4.11b), matches with (B.12b). Finally, the scalar potential 
(3.22) and the topological term (3.25) also agree with the results from the reduction. 

It can be shown that for every consistent gauging one can perform a symplectic 
rotation such that only the electric vector fields serve as gauge fields [44]. In our 
setup a symplectic rotation is a change of basis for the electric and magnetic vectors 
of the form 

satisfying T^QT = Q where Q is the symplectic form and the matrix T is obtained 
after lowering the indices in the magnetic sector: 



n = l9x9 ® ^0-2 , T = ( ^^+_^ j"!^ ) • (4.32) 
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Concretely, for our gauging the purely electric frame is reached by the transformation 

A^+= cos a ^^+ + sin a ^(6+^)- = ^(c/ + c/), 

^3 

1(3+^)+= cos«^(=^+^)+-sin«^^- = -^(a{-2a(), 

^(6+/)+ ^ ^(6+/)+ = 

V2 " (4.33) 



A^^ = cos a + sin a ^(^+^)+ = — ^(a{ + af) 

V3 



5 



(4.34) 



^(3+/)- ^^(3+7)- ^ ^/^ 

^{6+^)-= cosa^(^+^)--sina^^+ = ^{dl-2c(). 

where cos a = 1/ y/S, sin a = ^/2/3 and a is a de Roo-Wagemans angle. 
The gauge group generators then become 

Xm+ = (T ^)^°' M+ fa,QNpt^^ = Xm 1 
Xm- = (T ^)'^°' M- fa,QNpt^^ = 0, 

where t^^ are the generators of the global symmetry group SO(6,3), satisfying the 
algebra^ 

We find that in the new frame the covariant derivatives 

V = d- A'^^'Xo^M = d - A^^'Xm , (4.36) 

indeed do not contain magnetic vectors anymore. In the end the auxiliary two-forms 
as well as the new magnetic vectors A~'^^ completely drop out of the Lagrangian. 

Let us now identify the gauge algebra, which will be conveniently done in the 
purely electric frame. If we introduce a new basis Xm for the gauge generators given 
by 

Xr = ^X,^j-^kXs+j, 

X3.. = -^X„ (4.37) 

we find the following non-zero commutators 
[Xj,Xj] = e^ijXx, 

[X3+1, X^+j] = e^ijXe+K (4.38) 
[X/,X3+j] = e^jjX^+K, [Xi,Xq+j] = ijXq+k ■ 



^In the vector representation we can take (t^^^)p'^ — r/^^^^ SpK 
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The first line describes the algebra so(3), while the second line corresponds to the 
six- dimensional nilpotent algebra (6,3) of [61] (which is nilpotent algebra 3.5 of table 
4 of [62]). The third hne indicates that the nil(6,3)-ideal transforms as 3 © 3 under 
so(3). So in the end we find for the gauge algebra the semi-direct product 



Since in the purely electric symplectic frame only fundamental, propagating de- 
grees of freedom appear, it is the appropriate setup for discussing some physical 
questions like the spectrum of fluctuations around a given background, which will be 
the subject of section 5.2 below. 

5 AdS solutions and their spectra 

We will show in section 6.2 that the tri-Sasakian truncation we have constructed 
is consistent, so that all solutions of the 4D action (3.21) lift to solutions of IID 
supergravity. In this section we focus on vacuum solutions and leave more compli- 
cated solutions to further work. We also calculate the spectrum of the scalars and 
the vectors around the supersymmetric solutions, and show how they combine in 
supermultiplets. It will turn out that the spectrum provides inspiration for novel 
consistent subtruncations which we will present in the next section. 

5.1 AdS4 vacua 

To construct vacuum solutions, i.e. maximally symmetric solutions with constant 
scalars and vanishing vectors, we just need to look for extrema of the scalar potential, 
given in eq. (3.22). The metric then just satisfies the standard 4D Einstein equation 
with cosmo logical constant term A = \^|soi- In all the solutions below we have A < 
so that the 4D geometry is AdS4. Let us first list these solutions and discuss them 
afterwards. 

All S0(3)ij-invariant vacuum solutions are: 

1. JV = 3 supersymmetric tri-Sasakian solution [k > 0) and skew- whiffing (A; < 0): 



Here k corresponds to the magnetic flux (see eq. (B.9)), which is defined such 
that for k = 1 we obtain the tri-Sasakian solution with standard normalization, 
i.e. the one at the origin of the scalar manifold. 



so(3) Kaea nil(6,3) • 



(4.39) 



= e^^ = e^^ = e^^ = \k\'/' , c^u) = X = 
f = -6sign(fc)|fc|-l/^ A = -12\k\-^/\ 



(5.1a) 
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2. M = 1 supersymmetric squashed solution with weak G2 holonomy {k < 0) and 
skew- whiffing (fc > 0): 




1/6 



A 
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C{iJ) = X = , 




1/2 



(5.1b) 



3. Englert solution corresponding to solution 2: 




(5.1c) 



which only exists for A; > 0. 
In the above we also displayed the Freund-Rubin parameter /, which is defined by 



where is the purely external part of 6*4, defined in eq. (3.15). 

Let us now comment on the interpretation of these solutions. Since the tri- 
Sasakian geometry supports three Killing spinors (see e.g. [40]), the tri-Sasakian 
solution preserves three supersymmetries. This means that the A/" = 4 of the 4D 
theory is spontaneously broken to A/" = 3. We will not analyse the supersymme- 
try conditions to show this explicitly, but we will demonstrate that the scalars and 
vectors around this vacuum arrange into A/" = 3 multiplets. Apart from the su- 
persymmetric solution, there is also the so-called skew-whiffed solution, which is 
obtained by changing the sign of / and fc, and which breaks all supersymmetry [63]. 

The second solution is based on the second Einstein metric with weak G2 holon- 
omy, which exists on every tri-Sasakian manifold (see e.g. section 2.4 of [40]). In 
the case of S'^, for instance, this would be the squashed sphere geometry. Since this 
geometry has only one Killing spinor, the solution has M = 1. The supersymmetry 
that is preserved here is the one that is spontaneously broken in the A/" = 4 — > A/" = 3 
vacuum, which explains how this solution can select one supersymmetry generator 
and still not break the S0(3)ij invariance.^ 

^In [38] (see also [39]) it has been shown that (at least in the case of regular tri-Sasakian 
manifolds, in which case the associated 6D twistor space, where the type IIA theory lives, is a 
manifold) there exists a family of type IIA solutions which interpolates between the type IIA 
reduction of the A/" = 3 solution on the one hand and the squashed N = I solution on the other 
hand. 



Hi = e^^/vol. 



■4 , 



(5.2) 
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Finally, the third solution is the so-called Englert solution [64] (see also section 
10.2 of [57]) associated to the squashed = 1 solution. The Englert solution 
associated to the supersymmetry generator of a supersymmetric M-theory solution 
is obtained from this supersymmetric solution by turning on an internal expectation 
value of the field-strength G4 that is a bilinear of the supersymmetry generator. 
The Englert solution has an opposite sign for the Freund-Rubin parameter with 
respect to the supersymmetric solution (which is why we know k < corresponds to 
the supersymmetric solution and A; > to the skew- whiffed solution). The Englert 
solution itself breaks all supersymmetry. 

Apart from the S0(3)K-invariant vacuum solutions, one can also look for so- 
lutions with less global symmetry. In the next section we will show that our tri- 
Sasakian reduction admits as a subtruncation the Sasaki-Einstein reduction of [8] 
(see eq. (6.11) below). So in particular we recover their solutions. As for vacuum 
solutions one finds all standard solutions on Sasaki-Einstein structures, namely the 
supersymmetric solution (and skew-whiffing), which is in our case just solution 1 
above, together with the Pope- Warner solution [48] and the Englert solution associ- 
ated to one of the three Killing spinors of the = 3 solution. The latter two read 
(with the notation of (6.11)): 

\cn\ = ^/-k/2, Co = , 
-16(-A;)"3/^ k<0, (5.3a) 

cn\ = ±co = A/-fc/5, 
_^(_A;)-3/2^ A;<0. (5.3b) 

These solutions spontaneously break the S0(3)/j completely. It follows that by acting 
with this group we obtain a full SO (3) worth of solutions. We also remark that since 
the Englert solution has positive Freund-Rubin parameter, we can indeed decide 
that the Af = 3 supersymmetric solution in (5.1a) is the one with negative / and 
thus k > 0. Note in particular that the A/" = 3 supersymmetric solution has a sign 
for k opposite to the J\f = 1 solution [65]. 

It is difficult to find extrema of the scalar potential in complete generality. We 
did not find any further vacuum solutions, but we cannot claim our scan is complete 
as far as non S0(3)/j-invariant solutions are concerned. 

5.2 Spectrum 

Let us now calculate the mass spectrum around these solutions. We consider fiuc- 
tuations of the fields around the vacuum and break the equations of motion off at 



Pope- Warner: V2e^ = = {-Aky^^ 

1/6 



/ 2\ 



Englert: = = { — ^fc 

1/6 



4 \ 1/6 
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linear order so that they take the form: 



□ (5$^- rm2)^o5$^ = 0, 



(5.4) 



where the 5$^ (A = 1,...,20) are the fluctuations of the scalars, and 5^p^ the 
fluctuations of the vectors (for which we found it convenient to work in the purely 
electric frame). For the J\f = 4 action of section 4.1 we flnd in general the following 
expressions for the mass-squared matrices: 



[m 



2 \M _ (rpM+ i\jUN f _ I \^\2rpM+ i\jUN 



ifansQiT-Y'-p^) {M^'M^^ - rf'r^^<^) , (5.5b) 

where Gab is the metric on the scalar manifold, which we can flnd from the kinetic 
terms in eq. (4.7), T^^^^p describes the transformation that brings us to the purely 
electric frame for the vectors deflned in eq. (4.31) and faUNP is the embedding tensor 
deflned in eq. (4.27). 

The results for the spectrum of the scalar fluctuations around the Af = 3 and 
A/" = 1 solutions are given in respectively tables 2 and 3, while the spectrum of 
the vector fluctuations in both cases is the same and given in table 4. In each case 
the S0(3)ij representation is indicated. We also add the scaling dimension of the 
operator in the dual SCFT, which for an /-form fleld is given by^ 

. V(3-20^ + 12mV|A| _ 

Note also that we do not display the Stiickelberg fields C[/j] and , which have been 
eaten by six of the vectors giving them mass. 

In order to understand the supermultiplet structure of the spectrum, we will 
compare with [66], where the J\f = 3 supermultiplets for a theory on AdS4 are 
classified. We find that we can arrange the fiuctuations around the = 3 vacuum 
into a short massless graviton multiplet SD(2, 3/2, 0|3) (table 3 of that paper) and 
a long massive gravitino multiplet SD(3/2, 3, 0|3) (table 2) associated to the broken 
supersymmetry (as was already predicted in [8]). Here we used the notation of [66] 
for the irreducible unitary representations of the supergroup Osp(3|4) of an A/" = 3 
supersymmetric theory on AdS4, where with 

SD(w,Ao, Jo|3), (5.7) 



^When 3m^/|A| < —5/4 there are two possible normalizable modes and hence the choice of 
sign. Comparing with the structure of A/" = 3 muhiplets and later on the embedding into the S''' 
spectrum will fix this in all cases to the plus sign. 
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Mass eigenstate 




susy 


skew 




A 


/Y 


A 


8dU + 3tT5\ng 


1 


18 


6 


18 


6 


-3 5x + 2 tr 5c 


1 


10 


5 


-2 


2 


5c(T n — h5T.T tr 5c 


5 


10 


5 


-2 


2 


-65U + tr5lng 


1 


4 


4 


4 


4 




5 


4 


4 


4 


4 


5x + tr 5c 


1 





3 


18 


6 



Table 2. Spectrum of the scalars around the M = 3 tri-Sasakian solution [k > 0) and its 
skew- whiffed counterpart (A; < 0). 



Mass eigenstate 


S0(3)k 


susy 


skew 


|A| 


A 


|A| 


A 














5 5x + 2 tr 5c 


1 


10 


5 


-2 


2 










5 


10/9" 


10/3 


190/9 


19/3 


—15 5x + tr (5c 


1 


-8/9 


8/3 


10/9 


10/3 


-65U + ti5]ng 


1 


-20/9 


5/3 


-20/9 


5/3 



Table 3. Spectrum of the scalars around the M = I weak G2 solution (A; < 0) and its 
skew- whiffed counterpart (A; > 0). 



Mass eigenstate 


S0(3)r rep. 


3m2 
1A| 


A 


3k5'A^ - (5a{-2 5a\) 


3 


12 


5 


5c( + 5c( 


3 


6 


4 



Table 4. Spectrum of the vectors around both the J\f = S tri-Sasakian solution and the 
M =1 solution, and their skew- whiffed counterparts. 



a multiplet with maximal spin Smaxj Clifford vacuum scaling dimension Aq and spin 
of the S0(3)ij representation Jq is denoted. The bosonic content of the massless 
graviton multiplet SD(2, 3/2, 0|3) and the gravitino multiplet SD(3/2, 3, 0|3) is given 
respectively by: 

metric : (3, 1) , vectors : (2, 3) , 

5.8 

vectors : (5, 3), (4, 3) , scalars : (6, 1), (5, 1 + 5), (4, 1 + 5), (3, 1) , 
where we indicated the scaling dimension and S0(3)ij representation. Comparing 
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with tables 2 and 4 we find that the massless vectors fill out the graviton multiplet 
together with the metric, while the massive vectors together with the scalars fill out 
the gravitino multiplet. 

Before coming to the spectrum around the M = 1 supersymmetric solution, we 
note first that the irreducible unitary representations of A/" = 1 AdS supersymmetry 
have been classified in [67] and reviewed for instance in section 3.2 of [57], to which 
we refer for the exact content of these multiplets. We find that the fiuctuations 
arrange into the following multiplets: 

• a massless graviton multiplet SD(2,3|1), containing the metric; 

• three massless vector multiplets SD(1,2|1), containing the massless vectors of 
table 4, and transforming as a 3 under S0(3)ij; 

• three massive gravitino multiplets SD(3/2, 4|1), containing pairwise the massive 
vectors with A = 4 and A = 5 of table 4, and also transforming as a 3 under 
S0(3)^; 

• various Wess-Zumino multiplets SD(0,Ao|l) in 1 and 5 representations of 
S0(3)ij, containing pairwise the massive scalars of table 3 with A = Aq and 
A = Ao + 1. 

As for the spectrum of the non-supersymmetric solutions, we found that the 
Pope- Warner solution, eq. (5.3a), and the Englert solution associated to the = 3 
solution, eq. (5.3b), are unstable since they have scalar modes violating the Breiten- 
lohner-Freedman bound, 

m2<-^|A|, (5.9) 

within the truncation. 

For the Pope-Warner solution this extends the result of [49] for the 5^ to all 
tri-Sasakian manifolds. That the Englert solution has unstable modes agrees with 
the analysis of [68] where it is proved that the Englert solution corresponding to a 
solution with A/" > 1 is always unstable. On the other hand, the Englert solution 
associated to the M = 1 solution does not have such modes within the truncation, 
which does not necessarily mean it is stable as there still might be problematic modes 
not contained in the truncation. Presumably the stability depends on the concrete 
tri-Sasakian manifold. For instance, it is known that the Englert solution on the 
squashed S'' is unstable [69]. 

5.3 Embedding in the spectrum on S*^ 

Above we studied the supermultiplet structure of the spectrum on the A/" = 3 and the 
M = 1 AdS vacua. Since S'^ admits a tri-Sasakian structure it should be possible to 
embed the spectra computed above into the IID supergravity spectrum on AdS4 x S"^ . 
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Field 


n 


SO(8)^SO(3)i? 


A 


graviton 





(0,0,0,0) ^ 1 


3 


gravitinos 





(0,0,0,1) -> 3 


5/2 




2 


(1,0,1,0) ^ 1 


9/2 


vectors 





(0,1,0,0) ^ 3 


2 




2 


(1,0, 1,1) -^3 


4 




2 


(0,1,0,0) ^ 3 


5 


spin 1/2 





(1,0,1,0) ^ 1 


3/2 




2 


(1,1,1,0)^3 


7/2 




2 


(0,1,0,1) ^3 + 5 


9/2" 




2 


(0,0,0,1) 3 


11/2 


^ scalars 


2 


(2,0,2,0) ^ 1 






2 


(0,2,0,0) ^1 + 5 


4 




2 


(0,0,0,2) 1 + 5 


5 




2 


(0,0,0,0) ^ 1 


6 



Table 5. Sp(2)+-invariant states of the spectrum of the round S"^ 



The complete spectrum of fluctuations around the supersymmetric A/" = 8 solution 
with round S'^ metric can be found in table 9 of [57], which also displays how the mass 
eigenstates transform under the i?-symmetry group SO (8) of maximal supergravity. 
We find that decomposing 

S0(8) ^ Sp(2) X S0(3)ij (5.10) 

and keeping just the modes invariant under Sp(2), a finite number of states is ob- 
tained, which moreover exactly match the spectrum of either the A/" = 3 supersym- 
metric solution or its skew- whiffed counterpart. More precisely, which spectrum one 
obtains depends on the embedding of Sp(2) x S0(3)ij in S0(8). Indeed, as explained 
for instance in [57, p. 79], because of triality there are three different embeddings, 
Sp(2)-|- and Sp(2)t,, depending on which of the three 8 representations, the positive 
and negative chirality spinors 8± and the vector 8„, of S0(8) gets decomposed as 
8 ^(5,1) + (1,3). 

We find that requiring invariance under Sp(2)-|- leads to the truncations of the 
spectrum on S'^ displayed in table 5 and table 6 respectively. In each case we 
started from the spectrum found in table 9 of [57]. As in [57] we use the Dynkin 
labels to denote the different representations of SO (8). Furthermore n is the KK 
level, where n = corresponds to the massless Af = S supergravity multiplet, and we 
only display the representations that have Sp(2)-invariant modes. For completeness 
we also added the modes with half-integer spin. In particular, the total number 
of Sp(2)-invariant gravitinos corresponds to the number of supersymmetries in the 
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Field 


n 


SO(8)^SO(3)/j 


A 


graviton 





(0,0,0,0) ^ 1 


3 


gravitinos 


1 


(1,0,0,1) -> 1 


3 




1 


(0,0, 1,0) ^ 3 


4 


vectors 





(0,1,0,0) ^ 3 


2 




2 


(1,0,1,1) ^3 


4 




2 


(0, 1,0,0) ^ 3 


5 


spin 1/2 


1 


(0,1,1,0) -^3 + 5 


3 




3 


(0,1,0,1) ^3 


5 




3 


(1,0,0,1) ^ 1 


6 


scalars 





(0,0,2,0) ^1 + 5 


2 




2 


(0,2,0,0) ^1 + 5 






2 


(0,0,0,0) ^ 1 


6 




4 


(2,0,0,2) ^ 1 


6 



Table 6. Sp(2)_-invariant states of the spectrum of the round S"^ . 

theory (A/" = 4), while the number of massless gravitinos corresponds to the number 
of supersymmetries preserved by the solution (respectively Af = 3 and Af = 0). As 
for the embedding Sp(2)t, it leads to an infinite tower of states. 

We find indeed that the Sp(2)^-invariant spectrum matches the supersymmetric 
spectrum in table 2, with the A/" = 3 gravity multiplet being in the lowest KK level 
{n = 0), and the massive A/" = 3 gravitino multiplet coming from the second KK 
iteration (n = 2). The Sp(2)_-invariant spectrum on the other hand matches the 
skew-whiffed spectrum, with contributions up to the fourth KK level. This agrees 
with the fact that switching the two spinorial representations of SO (8) amounts to 
an inversion of the orientation or, equivalently, to flipping the sign of the four-form 
parameter k. 

One obtains novel consistent truncations by restricting the massless A/" = 8 
consistent truncation on 5''' to either Sp (2) -[--invariant modes. Actually, being Sp(2)- 
invariant these modes exist on every tri-Sasakian manifold and not just on S'''. Equiv- 
alently, one can start from the tri-Sasakian reduction and further truncate to the 
massless sector (n = 0). We will present these truncations in section 7.1. 

To conclude this section it is interesting to have another look at the instability 
of the Pope- Warner solution and compare with the analysis of [49], where the modes 
of the massless A/" = 8 truncation on S'^ are considered that are invariant under 
SU(4)_. In a similar way as for Sp(2), the SU(4)^ are deflned as the embeddings of 
SU(4) X U(l)/j in S0(8) that decompose the respective spinors as 8± — t- 6o + 1-i- + 1-. 
In fact: Sp(2)± C SU(4)±. We found one unstable mode within our truncation 
with = —3, while in [49] unstable modes are found within the massless A/" = 8 
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truncation, but transforming as a 20' under SU(4)_ and thus outside the SU(4)_- 
invariant truncation. Under the decomposition of SU(4)_ under the subgroup Sp(2)_ 
the 20' has indeed exactly one singlet, which should thus be the same mode as our 
unstable mode. 

6 Consistency proof for universal truncations from cosets 

Dimensional reduction on coset manifolds G/H leads to consistent truncations. In- 
deed, as we mentioned in the introduction a truncation ansatz keeping all and only 
the fields that are invariant under the global symmetry generated by the action of G 
is guaranteed to be consistent. Generically, the truncation will contain massive KK 
modes. 

In this section, we show that the universal tri-Sasakian truncation takes exactly 
the same form as the Sp(2)-invariant truncation on the Sp(2)/Sp(l) coset space. 
Since consistency of the latter is guaranteed by Sp(2)-invariance, this provides us 
with a simple proof of consistency of the former. We stress that this holds although 
generically a tri-Sasakian manifold is not a coset manifold. 

We also show that, in fact, all universal consistent truncations with massive 
modes worked out in the recent literature can be seen as formally equivalent to 
G-invariant truncations on coset manifolds. 

Finally, we demonstrate that a G-invariant reduction on the coset manifold A^"^'' 
enhances the universal tri-Sasakian reduction with a vector multiplet of A/" = 4 
supergravity (Betti multiplet). We discuss the generality of this phenomenon in the 
other universal consistent truncations. 

The relations between the various consistent truncations discussed in this section 
are summarized in figure 1 below. 

6.1 Coset technology 

We start by briefly introducing some general concepts about coset manifolds G/ H = 
{gH : g E G} (for more details see e.g. [70]). Take L{y) a coset representative. Let 
{Ha} be a basis of generators of the algebra of H, and {/Cj} a basis of the complement 
of that algebra inside the algebra of G. The decomposition of the Lie-algebra valued 
one-form 

L-^dL = e'lCi + u^Ua , (6.1) 

defines a coframe e*(y) on G/H. Moreover, in terms of the structure constants of G 
one finds 

de^ = -l^Pjke' A - A . (6.2) 

We are interested in forms that are invariant under the left action of G on G/H, 
called left-invariant forms. One can show that an /-form is left-invariant if and 
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only if it can be written as 



= 770n...i,e*^ A ■ ■ • A e^' , 



(6.3) 



with the components being independent of the coset coordinates y, and satis- 

fying 



Upon taking the exterior derivative, d(j), condition (6.4) ensures that the part com- 
ing from the second term in (6.2) drops, which imphes that the exterior derivative 
preserves the left-invariance property. The left-invariance condition for a metric, 
^^G/H ~ 9ij^^^'' ^ is analogous, namely Qij has to be independent of y and needs to 
satisfy 



As an aside one can show that harmonic forms must be left-invariant and thus the 
cohomology of the coset manifold is isomorphic to the cohomology of left-invariant 
forms. 

Another important property for our purposes is that coset spaces G/H are par- 
ticularly simple examples of if-structure manifolds. Indeed, one can prove that if 
H contains no nontrivial invariant subgroup of G, then the structure group of the 
tangent bundle on the coset G/H can be reduced to H (see e.g. [39, app. A]). To 
characterize the if-structure one can use the set of left-invariant forms, which by def- 
inition are invariant under the local action of H (this is condition (6.4)). Moreover, 
since the exterior derivative of a left-invariant form is still left-invariant, the torsion 
associated with the if-structure is also if- invariant, and constant. 

6.2 Equivalence between tri-Sasakian and Sp(2)/Sp(l) reduction 

Upon comparing the spectrum of the tri-Sasakian reduction with the one of IID 
supergravity on AdS4 x S''', we found in section 5.3 that the tri-Sasakian trunca- 
tion preserves precisely the modes that are invariant under an Sp(2) subgroup of 
the S0(8) symmetry group. Sp(2) is known to be the smallest simply-connected 
subgroup of S0(8) having a transitive action on S""^, and its isotropy subgroup is 
Sp(l). It follows that there exists a particular description of S"^ as the 7D coset 
manifold Sp(2)/Sp(l)5. This describes both the round and squashed seven-sphere 
[71], and captures precisely its tri-Sasakian structure, with Sp(l)5 ~ SU(2)5' being 
the structure group introduced in section 2. 

In the following we construct a tri-Sasakian structure in terms of left-invariant 
forms. This will allow us to show that a left-invariant truncation on Sp(2)/Sp(l)5 is 
equivalent in form to the universal tri-Sasakian reduction. Consider 



f\[i-i4'i2—ii\3 ^ • 



(6.4) 



/ a{i 9j)k — . 



(6.5) 



G Sp(2) 



(6.6) 



H Sp(l) ' 
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where the Sp(l) ~ SU(2) is embedded in such a way that it corresponds to one of 
the two factors in a SU(2) x SU(2) ~ Spin(4) subgroup of Sp(2) ~ Spin(5). Among 
the different possible embeddings of Sp(l) in Sp(2), this is the one describing the 
seven-sphere [57, pp. 41, 42]. 

For the generators we make the following convenient choice: 




where (tmn)^"^ = 2 5|^5^] are so(5) generators. Using the formulae in section 6.1 we 
construct the complete set of left-invariant forms. We find that the one-forms and 
two-forms are spanned by 

ri' = ^{e^ e^ e^} , 

(6.8) 

J' = ^{-e^ Ae^-e'A e\ A - A e^ -e^ A - A e'} , 

which satisfy the eqs. (2.3), (2.5) and (2.6) and therefore provide a tri-Sasakian 
structure. Furthermore, the only left-invariant three-forms are wedges of the above 
one- and two-forms. Likewise, the general left-invariant metric takes the form of the 
7D part of the tri-Sasakian ansatz (3.2) (with ds^{BQK) = ie^/2f + ■■■ + ie^/2f). 

Sp(2)/Sp(l) is therefore a minimal coset realization of the tri-Sasakian geometry. 
Upon using eq. (6.8) the reduction ansatz based on left-invariant forms looks exactly 
the same as the tri-Sasakian reduction ansatz. Moreover, the differential properties 
are the same so that one ends up with the same 4D equations of motion. Hence the 
consistency of the universal reduction on a tri-Sasakian manifold is derived in this 
way from the consistency of the reduction on the coset manifold Sp(2)/Sp(l). 

We can also illustrate the origin of S0(3)ij in the coset geometry. In [71] it is 
explained that the isometry group of a coset G/H is given by G x N{H) / H, where the 
G acts on the left and N{H)/H from the right. N{H) is the normalizer, defined as 
N{H) := {g & G : gH = Hg}. Moreover only N{H)/H corresponds to left-invariant 
isometries. In the case of the coset Sp(2)/Sp(l), we find N{H)/H = S0(3). The 
total isometry group Sp(2) x S0(3) is to be identified with the subgroup of S0(8) 
discussed in section 5.3 (which embedding we choose is not important at this stage 
because we have not fixed the sign of k in the four- form). The fields in the coset 
reduction are invariant under the first factor and can transform non-trivially under 
the second factor. Indeed, the generators of the latter can be identified with the 
tri-Sasakian Killing vectors ^7, hence this is precisely the S0(3)ij that is gauged in 
the reduction. Also from the point of view of the dual CFT theory it is worth keeping 
in mind that we are describing a sector and possible deformations that are invariant 
under the Sp(2) subgroup of the full S0(8) global symmetry group of ABJM [72]. 
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6.3 Coset realizations of the other universal truncations 

The equivalence between universal truncations and coset reductions goes beyond the 
tri-Sasakian case discussed above: it can actually be extended to all universal consis- 
tent truncations that recently appeared in the literature. To see this, let us consider 
again the seven-sphere, which is known to admit the following coset descriptions: 

, Sp(2) SU(4) Spin(7) S0(8) 

■ Sp(l) ' SU(3) ' G2 ' S0(7) • ^ ^ 

These preserve more and more isometries, 

Sp(2) C SU(4) C Spin(7) C S0(8) , (6.10) 

and therefore allow for less and less left-invariant deformations and lead to more 
and more generic structure group. Indeed, as explained in section 6.1, these cosets 
G/H define simple iZ-structures, where H is Sp(l) ~SU(2), SU(3), G2 and S0(7), 
respectively. While the first case gives the tri-Sasakian structure studied above, the 
reduction on left-invariant forms on Spin(7)/G2 and SU(4)/SU(3) provides minimal 
coset representatives for respectively the weak G2 and the Sasaki-Einstein reduction. 
As a check, weak G2 and Sasaki-Einstein structures are indeed simple examples of 
G2- and SU(3)-structures with invariant and constant torsion. The last case leads 
to a reduction ansatz containing only a 4D metric and a breathing mode, which can 
be extended to any Einstein manifold. We conclude that a left-invariant truncation 
on these coset manifolds is equivalent in form to the universal J\f = 2, J\f = 1 and 
Af = truncations studied in [8]. 

It follows from eq. (6.10) that the truncations of [8] can be seen as subtruncations 
of the tri-Sasakian reduction. We saw in section 2 that a tri-Sasakian structure admits 
an S"^ worth of Sasaki-Einstein structures: by picking one of these, we can further 
truncate our reduction ansatz in such a way as to reproduce the reduction ansatz of 
[8]. Choosing for instance = in (2.8), so that the surviving U(l) is generated 
by ^3, we obtain a Sasaki-Einstein subtruncation by setting 

V3 = V, Vi = V2 = U, Al = Ai, 

(02)3 = C2 , (Ci)3 = Ci , (Ci)3 = -Ci , 

cii = -C22 = Reco , C12 = C21 = Imcn , 
C33 = Co , X = ~Co , 



(6.11) 



with the other matter fields vanishing. Next, as discussed in [8], one can successively 
truncate down to A/" = 1 and A/" = by going from the Sasaki-Einstein ansatz over 
the weak G2 ansatz to the Einstein ansatz. Hence starting from the tri-Sasakian 
reduction we obtain a sequence of subtruncations with decreasing amount of super- 
symmetry on geometries with increasing structure group. 

More instances of universal supersymmetric consistent truncations on simple H- 
structure manifolds have been constructed, and again they turn out to be equivalent 



- 35 ~ 





j^jno^ SU(3) X SU(2) 



-1 Betti 



SU(2) X U(l) 

4- -1 Betti 



M-theory 



Sp(2) 
Sp(l) 



AT = 2 
Sasaki- 



SU(4) 



Einstein SU(3) 



Ar= 1 



G(2) 



A^ = 
Einstein 



S0(8) 
S0(7) 



to IIA 



U(l) X U(l) 



AT = 2 twistor 

SP'^) .CP^ 

S(U{2) X U(l)) 



type 
IIA 



-1 Betti 



A/' = 4 

SU(2) X SU(2) 
U(l) 



nearly- G2 



Kahler SU(3) 



-1 Betti 



Sasaki- SU(3) 
Einstein SU(2) 



type 
IIB 



Figure 1. Web of interrelated consistent truncations of IID, type IIA and type IIB 
supergravity. In each box we display the geometric structure (if any) and the coset manifold 
on which the truncation is based, as weh as its amount of supersymmetry. Each arrow 
denotes a consistent subtruncation. The colored boxes highlight the truncations on which 
we focused in this paper. 



to left-invariant reductions on a coset manifold. One example is given by massive 
type IIA supergravity on nearly-Kahler manifolds, whose study of consistency was 
initiated in [73]. This reduction, which leads to an A/" = 2 gauged supergravity 
model [6], turns out to be formally equivalent to a reduction on the 6D coset man- 
ifold G2/SU(3). Yet another example is the universal A/" = 4 reduction of type 
IIB supergravity on a five-dimensional Sasaki-Einstein manifold [10, 11], which is 
reproduced by a reduction on the SU(3)/SU(2) coset [10]. 



6.4 An enhanced M = A truncation on the coset A^°^° 

Besides Sp(2)/Sp(l) ~ S'^ , there is another homogeneous representative of the class 
of 7D tri-Sasakian manifolds, namely the coset space A^°^°. In the following we show 
that a left-invariant truncation on this space is not minimal in that it enhances the 
universal tri-Sasakian reduction with an A/" = 4 vector multiplet. 
Consider the family of coset manifolds A^p^?-^ defined as [74] 

SU(3) X U(l) 

U(l)xU(l) ' ^'-'2) 
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where the U(l) not divided out is given hj Z = -^{py/SXs + qXs + rT). Here Aj 
are the Gell-Mann matrices generating SU(3) and T is the generator of the U(l) in 
the numerator. For definiteness, for each p and q we restrict to the manifolds iV^'JO^ 
which are the universal covers within that family. The U(l) in the numerator is then 
completely quotiented out so that we end up with 

G SU(3) 



H U(l) • 

The generators are chosen as: 

(/Ci) = ^(^Ai, A2, A4, As, Ae, A7, a/SpAs + gAsj 
(^a) = ^(-v^gAg + SpAa), 



(6.13) 



(6.14) 



and the structure constants of SU(3) are split accordingly. The topology depends 
only on X = 3p/g, so we can take p and q to be relatively prime integers. Furthermore, 
there is a symmetry of the structure constants which can be used to put 

p — )■ p , q — > —q , (6.15a) 
p — >—{j> + q) q — ^Q'~3P) (6.15b) 

so that the corresponding A^p^" manifolds are topologically equivalent, and which can 
be used to take < x < 1. It can be shown that N^'^^ is tri-Sasakian if and only 
if p = 0,g = 1 (and equivalent configurations). We can construct the left-invariant, 
tri-Sasakian structure as follows: 

i (6.16) 

= -{-e^ Ae^ + e^A e^ -e^ A - A e^ -e^ A + A e^} . 
8 

However, in contrast to the case of Sp(2)/Sp(l), the tri-Sasakian forms in (6.16) are 
not the only forms left-invariant under the action of G = SU(3). There are no extra 
one-forms, but there is an extra left- invariant two-form, 

<^) = e=^^ + e^^ (6.17) 

which is closed, d$ = 0, and not exact, reflecting the non-trivial cohomology of 
jyoio xhis implies that there are also three extra left-invariant three-forms of the 
type f]^ A and three new left- invariant symmetric two-tensors, which can be used 
in the reduction ansatz for the metric, 

{{e^y + {e^ - {e')^ - (e^)^, e^e^ + e^e^ e'e^ - e^e'} . (6.18) 

In all, a reduction ansatz based on left-invariant metric and forms on the coset A^'^^'' 
leads to six extra scalars and one extra vector compared to the universal tri-Sasakian 
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reduction ansatz. These combine into an extra A/" = 4 vector multiplet. Extra multi- 
plets appearing due to the non-trivial cohomology of the compactification manifold 
are sometimes dubbed Betti multiplets [75]. We remark that this extra multiplet 
is not contained in the spectrum of S'''. The full spectrum of IID supergravity on 
AdS4 X N^^^ and its A/" = 3 supermultiplet structure was studied in [66, 76]. 

It is interesting to notice that the left-action of G = SU(3) should correspond to 
a global symmetry in the dual A/" = 3 conformal field theory. So the left-invariant 
reduction amounts in the dual theory to truncating to the singlet sector of this 
symmetry. 

We remark that the phenomenon of enhancement with Betti multiplets is com- 
mon in the other universal truncations mentioned in the previous subsection. For 
the truncation based on 7D Sasaki-Einstein structures, one or two extra Af = 2 
Betti vector multiplets are obtained if one performs a left-invariant reduction on the 
cosets M^^^ and Q^^^, respectively. The universal type IIB reduction on 5D Sasaki- 
Einstein structures [10, 11] is enhanced with an A^ = 4 multiplet if one considers 
the T^'^ coset [14]. In this case, the S*^ x 5*^ topology of T^'^ allows to also intro- 
duce three-form fluxes, and the extra fields become crucial for many gauge-gravity 
applications based on the conifold geometry. The nearly-Kahler (or, equivalently, 
G2/SU(3)) reduction of massive type IIA supergravity gets enhanced with one or 
two M = 2 Betti vector multiplets if a left-invariant truncation is performed on the 
6D coset manifold Sp(2)/S(U(2) xU(l)) or SU(3)/(U(l)xU(l)), respectively [6]. 

As a final comment, we observe that, in the limit of vanishing Romans mass, the 
two latter truncations are subtruncations of the universal tri-Sasakian (or, equiva- 
lently, Sp(2)/Sp(l)) reduction and of the N^^^ reduction, respectively. This can be 
seen by performing a circle reduction of the IID reduction ansatz, choosing the U(l) 
generated by one of the Killing vectors In this process only the fields that are 
invariant under the chosen U(l) are kept, and the 4D spectrum gets truncated in 
such a way that the aforementioned type IIA reductions are obtained. These M = 2 
gauged supergravity models admit a further gauging corresponding to the introduc- 
tion of the Romans mass in type IIA supergravity. It would be interesting to study 
whether there exists a deformation of our A/" = 4 action which can reproduce upon 
U(l) reduction these massive type IIA models. This gauging would involve the vec- 
tors A{ being magnetic partners of the A{ coming from the IID metric and coupling 
to the KK monopole. 

7 New subtruncations 

In addition to the ones described in the previous section, our A/" = 4 tri-Sasakian 
reduction admits further simple consistent subtruncations, that contain many less 
degrees of freedom and should be useful for several gauge-gravity applications. In 
particular, two of them still contain a non-abelian gauge group SO (3), which makes 
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them an interesting playground for embedding into M-theory holographic condensed 
matter phenomena with vector order parameter, like p-wave superconductors [54, 55]. 

7.1 Truncation to minimal A/^ = 3 gauged supergravity 

The first case is the consistent subtruncation to minimal J\f = 3 gauged supergravity. 
This is obtained by projecting out the massive Af = 3 gravitino multiplet discussed 
in section 5.2. Concretely, we fix = +1 and set to zero all the scalar fields, as well 
as the massive vector combinations of table 4 (now promoted to non-linear order). 
So we put: 

3A{ - {a{ - 2di) = , cu + cu = . (7.1) 

Then for the massless combination we can take just A{. Plugging this in the duality 
relations of appendix B.2 we obtain the further relations 

Van = -Vdii = -*Vci = *Vci = F21 . (7.2) 

With these constraints, all the equations of motion following from the A/" = 4 action 
given in section 3.3 are automatically satisfied, except those for the metric and the 
S0(3)ij gauge fields A{ . These follow from the truncated action 

S = ^ I {R-mi-Fi + 2A)*l. (7.3) 
J 

We conclude that on every 7D tri-Sasakian manifold one can consistently truncate 
IID supergravity to minimal M = 3 gauged supergravity in four dimensions.*^ This 
represents a further example in support of the conjecture made in [7] about the 
existence of consistent truncations to minimal gauged supergravity associated with 
any supersymmetric AdS solution of higher-dimensional supergravity. 

Let us make a final comment regarding the specific instance of (note that for 
this case the truncation above was already described in [78]). Recalling the discussion 
of section 5.3, we observe that the AdS spectrum of the present truncation is given 
by the intersection between the lowest (n = 0) KK level and the KK modes invariant 
under Sp(2) + . Hence the action (7.2) describes precisely the sector of our A/" = 4 
truncation that is also contained in the maximal SO (8) gauged supergravity arising 
from the S'^ reduction of [1] (which keeps the modes from the lowest KK level), and 
consistency is ensured. 

It is also possible to truncate to the Sp(2) .-invariant sector of maximal SO (8) 
gauged supergravity. Besides the metric, the preserved degrees of freedom are given 
by the n = sector of table 6: we have three gauge bosons and six scalars. Since no 
fields with half-integer spin in the n = sector are invariant under Sp(2)_, this is a 
purely bosonic truncation. 

^The original reference for minimal N — i SO (3) gauged supergravity is [77]. To recover the 
lagrangian given therein (with e = —1), one needs to rescale g^^, — ?> <?;jiy/4 and A{ — > A{/2. 
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7.2 M = 1 truncation to the SO(3)ii;-invariant sector 

There is also a truncation in which we switch off all the fields charged under S0(3)r. 
The surviving bosonic fields are just the metric and four scalars: 

f/, V = Vi = V2 = V:,, X, c = Cn = C22 = C33. (7.4) 

The truncated action is 



i?4 - 12(df/)2 - 12df/-dV - - 3e-^^-2^(dc)=^ _ ie-''^(dx)' 

+ 6 + 48 e-'^^-^^ - 12 e'^^-^ - 72 e-i2t/-3y^2 



- 12 e-«^-^^(x + c)2 - 18 e-i2f/-9y (c2 + 2xc-kf * 1 . 

(7.5) 

Of the original A/" = 4 gravitini, just one survives the truncation. In a sense, 
this truncation is complementary to the one presented in the previous subsection, 
because here we truncate the three supersymmetries of TV = 4 that were preserved 
there, while the supersymmetry truncated there is the one preserved here. A first clue 
that this truncation should be supersymmetric can be found from table 3, where we 
see that the S0(3)R-invariant scalar fluctuations organize in supermultiplets around 
the M = 1 vacuum (the conformal dimensions differ by one). Furthermore, one 
can show that this action takes the standard M = 1 supersymmetric form with the 
following Kahler potential and superpotential^ 

/C = -ln[-i(r-f)] -6 ln[-i(2-z)], W = 12^2 [2(2 + 2 r) - A;] , (7.6) 

where we defined the complex fields 

r = x + ^e3^, ^ = + ^6^^+^. (7.7) 

One can also check that for A; < the squashed AdS solution (5.1b) satisfies the 
standard M = 1 supersymmetry condition {d + dK)W = 0. 

It is consistent to further truncate the scalars x ^"^^ c, which breaks supersym- 
metry and for the specific case of S*^ leads to a model studied long ago in [80]. 

Since it contains all the S0(3)ij-invariant AdS4 solutions presented in section 
5.1, it would be interesting to exploit this constrained setup to study domain walls 
interpolating between them. In particular, a domain wall connecting the round (5.1a) 
and the squashed (5.1b) solutions would describe a holographic renormalization group 
flow between the (skew-whiffed, i.e. Af = 0) ABJM theory [72] and the A/" = 1 theory 
of [81]. 

We will come back to applications of these consistent truncations in the near 
future. 



^See [79] for the expression of the superpotential for a general compactification of M-theory on 
a weak G2-nianifold. 
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A Conventions 

The Hodge dual of an /-form ip m D dimensions is a (D — Z)-form given by 



{*(P)^l^...^lD-l ^ 



lV\detg\e,,...,^^^,,...,^g''^P' ■ ■ ■ g'^'^^p.^.p, , (A.l^ 



where g is the D-dimensional metric and e the totally antisymmetric pseudo-tensor 
with eoi...(D-i) = 1 (note that this sign choice for e is opposite to [43]). Furthermore 
it will be convenient to introduce the following shorthand notation for the multipli- 
cation of forms, contracting all the indices with a weight factor: 



^1 ■ <P2 = 77<Pi,M....M.0r = T^^l,,,...,A2,u,....,g''''' ■ ■■g''''' , (A.2) 



and for the square: 

(0)2 = 0.0. (A.3) 
With these conventions we have in particular: 

>i A *02 = (-l)'(^-') / 01 ■ 02 * 1 . (A.4) 



B Auxiliary calculations for the reduction of the form sector 

B.l Bianchi identities and equations of motions for the c-fields 

In this appendix, we derive the Bianchi identities and the second-order equations of 
motion for the c-fields. The reduction of (3.18a) gives 

DHuj - 2{H2K + H2K)e''ij + 2 [(x + trc) Sjk - 2qjK)] t"" liF^ = , (B.la) 

DH21 - 2Hsi - Hui A = , (B.lb) 

DH21 + 2H;j - dx A F2, = , (B. Ic) 

DHsi + eijKH^' AFi" = 0. (B.ld) 
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These are Bianchi identities in the c-frame, automatically solved upon plugging in 
the c- fields through the relations (3.16). 

Reducing (3.18b) we get the following 4D second-order equations of motion for 
the c-fields: 

d [e^i^u+v^+V2+v,) ^ _ 4c^Jc(7j) + 2(tr c)' + 4x (trc)] = , (B.2) 
which is the equation for C3 and is a total derivative, 

+ 4(tr c)Hi + 4 [(x + tr c)6'' - 2 c^''^ ] H^j - e'^'^H^jL A i/ii,^ = , 
which is the equation for C21 , 

- 4 e-^^'eijK g'"- * H^l"" + 4(tr c)H^i + 2Huj A = , (B.4) 

which is the equation for cu , 

D , ^^^] + 2 e-'^ejjK g""' * H,,' + dx A H,, 

+ Hiji A Hi + 2 [ix + tr c)Sij - 2 C(7j) ] = Q , (B.5) 

which is the equation for cu , 

d [6-2^-1-2^-2-2^3 * dx] + 8 ^-^U-^V,-W,-W,g^^ ^ ^)^/J _ 2 ] ^ 1 

+ e^^-^^-^^-^^gijFi A *Hi + H21 A + 4(tr c)Hi = , (B.6) 

which is the equation for the scalar x 5 and finally 

D [e-^^/^<5^^ * H,kl] + e^^+^^+^^F/ A *Hi + 8 e-^2^-^-^-^^(tr c)5" * 1 
+ 4 e-^u-3V.-^v,-3n _ JL _ si^6'^)g^,, [(x + tr c)5^^^ - 2 c^^^^) ] * 1 
+ A Hi - e'^'^^HsK A H^l^ + 2 [(x + tr c)6'-^ - 2 c^^^^ ] H^ = , (B.7) 

which is the equation of the scalars c/j . 

B.2 Duality relations 

In this appendix we construct the duality relations between the c-fields and the 
a-fields by combining the IID eqs. (3.19a) and (3.19b) and reducing them. 

We are only interested in the duals of C21, c( and cu since we do not need to 
dualize the c-scalars. It is therefore sufficient to keep the terms in dCg of space-time 
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degree lower or equal to 2. We will also introduce a flux threading the 7D internal 
manifold 

dC6-^G7,flux + dC6, (B.8) 

with 

Gr.flux = Qk voIqk a r/i a a r/^ (B.9) 

Indeed, from the equation of motion (3.18b) it follows that the left-hand side of 
(3.19b) is closed, but it can still be non-exact, so that Cq would not be globally- 
deflned. The Cq introduced in (3.20) on the other hand is globally-deflned, hence a 
flux term is to be added separately by allowing for the closed, non-exact Gj^ux-^^ 
Proceeding we flnd the following duality relations between the 4D fields: 

^3(4[/+yi+y.+y3) ^h, = 2[2 c'^c^jj^ - (tr cf-2x (tr c) + 3A;] , 
^2iAU+v,+v,+v,)giJ ^ jj^^ ^ j^^i ^ 2a{ - 4S( - 6kA' + 4c^''^cu - 2(x + tr c)c( 

-2(trc)c{ + cjii/iKV^^, 
'gjj * = Dan + ^uk {a'^ + 4 a^^ + 3k A A^) 
2(tr c) C2I + Huj Aci- cijH^ , 



^v,+v,+V3 ^ ^ ^^^^ ^ 2 tuKai"" + 2 C(^ij^ci - (x + tr c)c2i 
1 

~ 2 



]- (cij A H(j + cu A dx + X H21 + CjiHi) . 



(B.IO) 



The SO (3) /J covariant derivatives D of the a-fields are defined in the same fashion as 
in (3.17). These relations can be simplified by making the following field redefinitions, 
which eliminate derivatives of the scalars in the duality relations and make the gauge 
structure of the covariant derivatives more apparent: 



^old _ new J -old _ -new „ 7,J 

-'^1/ - c/jq , a^j - flu - ~ 2 

^/Jold ^7 J new ^JKL^ 

«2 — (^2 ~ 2 ^2L • 

Using the new fields the duality relations can be written as 



(B.ll) 



^z{w+v,+V2+v,) ^H^=2[2 c'^c^ij) - {iicf - 2 X (trc) + 3fc] , (B.12a) 

^2iw+v,+v,^^v,)giJ ^ jj^^ ^ p J _^ e''''cjLDcK'' , (B.12b) 

^iu-v,-v,-v,g^^ * = Van - 2 cu Vc( - {cjkCj'' + euKa'')F^ , (B.12c) 

^v,+v,+v, ^ ^ _ ^^^^J _ ^p^^^ ^ ^B_^2d) 



^"The normalization is chosen such that we have the M — i AdS4 vacuum solution at the origin 
of the scalar manifold for fc = 1 (sec solution 1 in section 5.1). 
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where we defined the curly covariant derivatives: 

Va^ = Da^ + 2a{ - 4a( - 6k + 4 c-^\cij + cu) - 4(tr c) (c( + c{) , 
Van = Dan + e/jx ( - 2cf A cf - 2cf A cf + ?,kA^ ^ + A ai^) , 
Vhu = Dan + ejjK {c( A cf + A cf + 2 a^^) , (B.13) 
Vcu = Dcij + 2c2/ , 
Vcii = Dcu - 2c2/ . 

The last one is included because it will be useful in section 4. As we will see there, 
these are the proper covariant derivatives of the full gauge group. So the scalars 
are dual to the two- forms C21, while the vectors an and au are dual to c( and cu 
respectively. Moreover, though we have not reported the explicit relation (since it 
is only needed to check that (B.4) is a Bianchi identity for ai), the two-forms 02*^ 
are dual to the scalars c/j. It will turn out that in our symplectic frame the electric 
vectors are A{, cu and au, while the magnetic ones are c/, au (together with the 
duals of Al, let us dub them Au, which do not appear in our setup, and whose 
M-theory origin is to be searched in a "magnetic dual" of the 7D metric). 

B.3 Equations of motion in the final electric-magnetic frame 

In the following we perform the field transformations needed to make contact with 
the general A/" = 4 action of [43]. Concretely, as shown in table 1 we need to dualize 
C3, C21, c( into k, a' , au respectively. 

The Bianchi identities for the c-fields correspond to the second-order equations 
of motion for the dual a-fields. Conversely, the second-order equations of motion for 
the c-fields are trivially solved in terms of the a-fields and thus correspond to Bianchi 
identities for the a-fields. Given the system of relations derived in the subsections 
above, we can define second-order equations of motion for a chosen complete set 
of independent degrees of freedom, which are appropriate for comparing with the 
Af = 4 formalism. 

First we notice that (B.12a) can be used to completely eliminate H4 (and there- 
fore the three-form potential C3) from the equations of motion in favor of the flux 
constant k. This is equivalent to solving the total derivative eq. (B.2). 

Second, we observe that eq. (B.3) describes propagating two-forms C21, which 
are not allowed in the formalism of [43]. Therefore we use the duality relations to 
interpret it as a Bianchi identity for the covariant derivative of the scalars a^; so it 
is identically solved. On the other hand substituting H31 and if/ with their duals, 
the Bianchi identity (B.l) for H^i becomes our new equation of motion, and reads 

(B.14) 
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Moreover, in section 4.3 we show that the c( should be auxihary magnetic vectors, 
while the propagating degrees of freedom should instead be their electric duals au. 
So we exchange the Bianchi and the equations of motion of c/ and au via the 
duality relations. While eq. (B.4) is then identically solved, from (B.l) we obtain 
the following equation of motion for an : 

= D [e-^u+y^+y^+y^g^^ * [Vau -2cjkVc^ - cj.ck'^F^ - ejKLa'^F^)] 

- 2 e-2(4^+^i+^2+^3)5/J^^^ ^ (P^/^ + e^^^Ci^Dc^;^) + dx A . (B.15) 

In the end the final set of second-order equations of motion for the new propagat- 
ing fields are eqs. (B.14), (B.15) for the scalars a^ and the vectors au, together with 
eqs. (B.5), (B.6), and (B.7) for cu, x ^'^^ c/j respectively. In the latter equations, 
we use the duality relations to eliminate if4, H^,! and H21. Doing so, the equation 
for cii becomes 

= D [ey^+y-+y^ * H^,] + 2 e-'^euK ^/^^ * Hu' + dx A H^^ 

+ 2 e-2(^^+^^+^^+^3) [(^ + tr c)6u - 2 C(,,) ] d'^g^L * [Va^ + e^^^ cegDc,^') , 

(B.16) 

while the one for x reads 

= ^\^e-^v^-^V2~2Vz ^ ^^j ^ p^^^ ^ pi ^ 25cu A Vc{ 

+ 8e-«^-=^^i-=^^^-=^Vj[(x + trc)(5"-2c(^-^)] *1 (B.17) 
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_3(4C/+yi+y2+y3)(trc) [2c^^C(/j) - (trc)^ - 2x (trc) + 3k] * 1 



and the one for cjj is 

= D [e'^'^g'^'d''^ * H,kl] + e^^+^^+^^^F/ A + 8e-i2i/-y,^y.-y3(trc)5" * 1 

- 4 e-3(4C^+^i+^2+^3) [(^ _^ tr c)5" - 2c^^^'^ ] [2c^^C(kl) - (tr cf - 2x(tr c) + 3A;] * 1. 

(B.18) 

We can now construct the form sector of the 4D action by requiring that it produces 
precisely the equations listed above. The result is summarized in section 3.3. 



C Details on the identification of = 4 fields through £7(7) 

In this appendix we study in more detail how the maximal global symmetry £7(7) 
breaks in the case of tri-Sasakian manifolds and how this helps in identifying the 
coset manifold of scalar fields as well as the symplectic frame for the vector fields. 



We have seen in section 4.2 that it is convenient to consider the subgroup SL(8,M) 
of £7(7), which in turn contains the GL(7,M) describing diffeomorphisms of the 7D 
internal manifold. Concretely, the latter embedding is as follows: 

_ /(detF)-V4F-„ \ 
^'-[ (detF)3/^J' ^^■^> 



5 



where P G SL(8, M) and F G GL(7, M), so the range of the indices is a, 6 = 1, . . . 
and m,n = 1, . . . , 7. The diffeomorphism F generates a generic metric by acting in 
the standard way on the covariant indices of the metric Qq at the origin of the scalar 
manifold: 

9mn={F-y„.gO,pg{F-')''n. (C.2) 

In our case, the metric go we start from is the canonical tri-Sasakian metric (2.4), 
while 5^ is a generic 7D metric within the class of our truncation ansatz (3.2) described 
by the scalar fields U and gjj. From section 4.2 we know already that our truncation 
ansatz breaks GL(7,M) to SO(4)xGL(3, M) x Rq. At the same time the four-form 
representation, which as we saw in eq. (4.16), makes up the remainder of (the algebra 
of) E7(7) breaks as 

70 ^(3, 6)0 ©(1,1)+ ©(1,1)-, 

where the subscripts denote the weight under the action of Mq = SO (1,1). Fur- 
thermore, A,B = 1, . . . , 4 and I, J = 1,2,3 indicate indices in the fundamental of 
SL(4,R) and S0(3) respectively. Contrary to the 80(3)/? we introduced before, this 
SO (3) acts only on -Bqk and not on the fibers. Note that a / corresponds to an 
insertion of in ^abcd, so that it counts for a two-form within the four-form. In this 
appendix we will reserve I, J = 1, 2, 3 (without tilde) for the indices of the fibers 
acted upon by GL(3,R). 

Coming back to the diffeomorphism F"^n, "we find concretely that it decomposes 
under the symmetry breaking as 



A 14(0) 




(C.4) 



where the 3x3 submatrix j G GL(3, M) transforms the fibers, O G SO (3) with r4 
indicating the 4D representation (so r4(0) is a 4 x 4 matrix), and A G Mo generates 
an overall scaling of -Bqk- Acting on the two-forms J^, O will just rotate them as 
expected. Plugging this into (C.l) we find for P G SL(8, M): 

(detNy^/^r^iO) 

X-\det N)-^/^N I . (C.5) 

A3(detAr)3/4 
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Let us now separate the Mq part of (4.15) from the rest to find out which scalar field 
from the metric sector ends up in SL(2,R). We find that we should split P as 



P = 

T^iO) ° \ /(detAr)-^/n4 

\-\det N)-^/^N {det Ny/^s 

A3(detAr)i/2y V (detAr)V4 

(C.6) 

Indeed the first factor leaves /i^/ and Habcd invariant as according to (C.3) should 
be the case for the action of an element of SO (3) x SL(4, M), while the second factor 
leaves /x/^^ invariant as expected from the action of Mq- 

We are now ready to construct the complete SL(2,M) factor. From (C.2) we read 
off that the group element of Mq that generates the metric ansatz (3.2) from the 
standard metric (2.4) has det = exp(— Vi — V2 — V3), so we see that the action 
of Mq corresponds to an overall rescaling of the metric on the leaves. Furthermore, 
from (4.18a) and (3.14) we find 

l^-ABCD - —^^^ ^ijm--X- l^-'j 

Since it has four covariant indices it will transform under with a factor (det A^)~^ = 
exp(Vi + V2 + V3). In the end we find that the appropriate representative of 
SL(2,M)/SO(2) is 

/gii+^^+i^i Q 

-^SL(2,R) ^ ( ]^ ) • I M V1+V2+V-A 1 ■> (Ci 



2 



Alternatively we find from 



y if |rp Rer\ 

MsL(2,IR) = ^SL(2,R)i^SL(2,R) = \ 1 J ' ^^'^^ 

that the SL(2,R)/SO(2) is described by the complex scalar 

T = x + ie^'+^^+^K (C.IO) 

Next we will analyse the first matrix in (C.6) in order to construct the SO(6,3)- 
factor of the A/" = 4 global symmetry group and identify the scalar fields therein. It 
will be convenient to work at the level of the algebra first and consider infinitesimal 
transformations. Let us drop the SO(3)-sector, i.e. the first three rows and columns, 
for the moment, and consider an element of the full sl(4,]R) algebra: 

A _ /n^- (|Trn + A)(5^ /i^j ^ ^ ™n (p 
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where n G gl(3, M) is the infinitesimal diffeomorphism corresponding to A^, A is the 
infinitesimal scaling, and we introduced /i^j and /i^8 to fill the off-diagonal blocks. 
We know already from eq. (4.18b) that /i'^s corresponds to the dual form potential 
Cq and thus to the scalar field therein, while we will not need /i^^ for our choice of 
gauge for the coset representative. Now there exists an isomorphism between sl(4,]R) 
and so(3,3), under which the fundamental 4 representation of the former is the spinor 
representation of the latter. Likewise, the fundamental 6 representation of the latter 
is the antisymmetric product of two 4's of the former. One can explicitly construct 
the isomorphism using a convenient representation of the gamma-matrices of so(3,3). 
We find that is equivalent to 

n + 2Al3 hi 

'2 —n^ — ^/\iL3 



"=1 6, |eBo(3,3), (C.12) 



with h\ and 62 antisymmetric matrices given by: 

h2ij = eijKfi^s, (C.13a) 
6," = -e^-^Vi^, (C.13b) 

and where we used a "generalized geometry style" metric for so(3,3): 

"»<»'= (,"3 o)' 

which is a submatrix of the full so(6,3) metric 1] given in eq. (4.21). 

Eq. (C.3) tells us that in order to obtain the full so(6,3) we just put the yU/^^ in 
the off-diagonal blocks: 




/iso(6,3) =1 /ii n + 2AI3 bi I , (C.15) 
with o G so(3) and 

filj = fcie^^VxLj, (C.16a) 

f^2IJ = ^2/^/8J, (C.16b) 

where ki, ^2 are some proportionality constants, which could be (partly) determined 
from a more careful study of the embedding of SO(6,3) in £7(7). We will fix these 
constants in such a way that the coset manifold gives the correct kinetic terms. 
Comparing with (4.18a) we see that /ii corresponds to the form potential C3, and in 
particular generates the scalars c/j, while we do not need to turn on fi2- 

Putting all the pieces together and using eqs. (4.18) and (C.13) we find that 
we can generate precisely the SO(6,3)-part of the exceptional generalized metric 
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corresponding to our reduction ansatz by acting with the coset representative given 
in eq. (4.22) on the standard exceptional generahzed metric. 



Having identified the Af = 4 scalar manifold, in the following we characterize the 
electric and magnetic vector fields. This is done by studying the transformation of 
the vectors under the decomposition of £7(7) in SL(2,M)xSO(6,3). The charge under 
Mo = S0(1, 1) C SL(2,]R) determines whether they are electric or magnetic vectors 
in the symplectic frame of [43]. 

Under £7(7) the vectors transform in the fundamental representation. As above, 
it is useful to consider the decomposition of the fundamental in representations of 
the subgroup SL(8,M): 



56 ^ 28 + 28' , 



where x"^ and yab transform as an antisymmetric two-vector and two-form under 
SL(8,M) respectively (see again [45] for more explanation). Under the symmetry 
breaking (4.15) we find 

28 ^ (3, 1)_ © (1, 6)+ , 28' ^ (3, 1)+ © (1, 6)_ , 

b i AB (Clo) 

X^ {x , X ) , X^Ij — )■ (Xj, Xj^^) , 

where the plus and minus signs indicate the behavior under the action of S0(1, 1). 
According to [45], = (a;^„, x^^g), where corresponds to the membrane, which 
couples to Cij or c/, and x^g corresponds to the KK-monopole, which couples to the 
magnetic dual Au of the metric vector A{. On the other hand x"'^ = (x™"',x'"^), 
where x™" corresponds to the five-brane, which couples to an or d(, and x™"® corre- 
sponds to the momentum, which couples to A{. So applied to our case we find: 

X'ab = (4 = Cl-f' ^'iJ = ^IJKCi, 4/ = ^1/ ) , 

From the transformation behavior under S0(1,1) we see that cu, an, A{ are electric 
vectors while c(, a/. An are magnetic. 
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